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224. Results Related to Closed Images of M-Spaces. 1

By Kiiti MORITA* and Thomas RISHEL**

(Comm. by Kinjirdo KUNUGI, M. J. A., Nov. 12, 1971)

1. Introduction. In 1969, J. Nagata began a discussion of char-
acterizations of images of M-spaces under various continuous maps
(see, for instance [4] and [5]). Other images of M-spaces have been
characterized by Wicke [7], Chiba [1] and by Rishel [6]. One such char-
acterization which has not yet been carried out is that of closed images
of M-spaces. It is the purpose of this paper to demonstrate that char-
acterization.

In this paper, all maps are continuous and onto; the symbol “N”
will refer to the natural numbers. All spaces will be considered to be
T.-spaces.

2. Preliminaries about covers.

Definition 2.1. A system {F,: a e Q} of closed sets from a space
X is said to be hereditarily closure preserving if and only if: for any
system {M, : « € 2} of closed sets in X such that M,CF, for every a € £,
UM, :aeQ}=Cl[U{M,: ac 2}].

Definition 2.2. A family {B,:n e N} of sets in a space X is said
to form a gq-sequence at x ¢ X if and only if:

(a) xzeB, for every ne N,

(b) for every point-sequence {x,} such that x, ¢ B, foreveryne N,
{x,} clusters.

Definition 2.3. A sequence of closed covers {1,} of a space X is
said to be almost q-refining if and only if for any point x € X, any system
of sets {B,}, such that B, ¢ A, for allne N and z¢ B, for all n e N, is
either hereditarily closure preserving or else forms a g-sequence at z.

Morita [3] originally defined M-spaces.

Definition 2.4. A space X is said to be an M-space if and only if
there exists a normal sequence of open covers {U,,U,, - - -} of X satisfying

(1) every point-sequence of the form {x,}, where x, ¢ St(z, U,) for
all n and for fixed x € X, has a cluster point.

Definition 2.5 (Nagata [5]). A space Y is quasi-k if and only if,
given FC Y, F is closed whenever F N K is relatively closed in K for every
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countably compact KCY.

3. Characterization. We now prove our main result.

Theorem 3.1. Let Y be a regular space. Y is the closed image
of a regular M-space X if and only if Y has the following conditions:

(@) Y is quasi-k;

(b) there existsin Y an almost q-refining sequence {F,} of heredi-

tarily closure preserving closed covers such that every point
ye Y has a g-sequence {A,} with A, € F, for every ne N.

(i) Proof of the ¢“if”’ part.

Let F,={F;,: aec2;},ieN. Let B={a=(a, a,, ---): {Fi,} is a ¢-
sequence at some y € Y, and Fi,, € &, for all ie N.}. Topologize B as a
subspace of a Baire metric space. A neighbourhood of a=(a,,a,,---)eB
will have the form

B(ay, - - -, a,)={B e B: B;=a; for all ¢ with 1<i<n}.
Take a subspace X of BX Y as follows:

X= {(a,y): a=(a, &, ----)eB,yc ﬁFw}-

Since Y is regular, so is X.
Define a map ¢ : X—B by

SD(a, y):a’ where Ye ﬁ Fiai.
i=1
Let C be any subset of X, and let a € Cl ¢(C).

Let (B™,y,) e CNB(ay, - -+, a,) XY, ne N. Since y, € Fy.,, €N,
and {F..;} is a g-sequence, {y,} has a cluster point y,. Then (a, y,) € CI1C.
Hence ¢ is a quasi-perfect map since ¢~'(a)={a}x [F\ Fmi] is countab-
ly compact for each « ¢ B. Thus X is an M-space. =

Now define a map f: X—Y by f(a,y)=y. Take ACX; assume
f(A) not closed. By hypothesis (a), there exists a countably compact
set KCY such that f(4)N K is not closed in K. So there exists a point
Y, € K such that y, e Cl[f(4) N K]— f(A).

Now, A=U{AN[BA)XY]:4¢Q,}, since B=U[B):1¢£,] and
ACXCBxY. Then we have
JA)=U{fANBQA)XY): e 2},
SANK=U{fANBAD)XY)NK: e 2}
Note that f(ANBQ)XY)CF,, and {F,: 1€ 2} is hereditarily closure
preserving. So there exists an «, € 2, such that
Y, ClIf(ANB(a) X Y)NK].
Assume that there exists a ke N, ay € 24 such that y,e C1{f[4AN
B(ay, - -, apr) X YINK}. Call
f[A nB(“l’ tt ak)x Y]ZCk(au ] a'k)’
f[A mB(al’ sy Uy, 2)>< Y]ZCk(al’ sy Uy /2)'
NOte Ck(a'l, tt a'lc) = U{Clc(alr sy gy /2): 2 € Qk+l}9 Ck(an sy Oy 2)
CF gy, and {F 5,1:: 4 € 24.,,} is hereditarily closure preserving. Now
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Cilay, -+, a ) NK=U{Cila, - - -, ap, DN K: A€ 24,1}
Hence there exists an a;., such that
Y€ ClCrpilay, -+ -, ax ) NK
=Cl{fTANB(ay, - -+, &, ax.)) X YINK}.
Thus, by induction, for any n e N,
Yo € Cl (Cn(ala Ct Sty an) nK)-

Next note that Cn(ozl,---,ozn)C(@\ Fio,CF,., If we can show
i=1

that {F'i.,: i € N} is not hereditarily closure preserving, it will then form
a g-sequence at y,. Now let us abbreviate C,(ay, - - -, a;) to Ci(a), where
a=(a;, a, --+). Since 9, Cl(Ca)NK), there exists y, such that
¥, € Ci(a)N K. Further, y,+v, since y,¢ f(A).

The space Y is T,, so a neighborhood V,(y,) of y, exists such that
e V). Now y,eClIC ) NKINV (¥)CCl[Ca) NKNV (y)]. So
there exists y,#v, such that ¥, C,(@) NKNV,(¥,). Then V,(y,) exists
such that y,¢ V,(y,), V.(¥)CV.(y,). By induction, there exists y, ¢
C.(e)NKNV,_(y,) such that ¥, 7Y, Yn € Va(¥o), Val¥e) T Vaii(%0)-

If some ¥, is a cluster point of the sequence {y,}, then y; is also a
cluster point of the sequence {y,: n>k} and hence {F.,.,:n>k} is not
hereditarily closure preserving. If no y, is a cluster point of the
sequence {¥,}, {F,: %< N} is not hereditarily closure preserving, since
{¥.}CK. Thus in any case {F,: ¢ N} is not hereditarily closure pre-
serving, so it forms a g-sequence at ¥,,

Yo r“\ Cl(C(@)NK)C Fﬁl F., and acB.

We shall now prove that («, ¥,) ¢ C1 A. Any neighborhood of (&, y,)

has the form
[B(a'ly ] an) X V(yo)] N X

where V(y,) is a neighborhood of y, in Y. Note that

V(y) N C(a)+#0 for every ne N,
S0 ﬂ#:f_l(v(yo)) n [A N B(ala R an) X Y]C [B(av ] an) X V(yo)] NA.
The fact that the latter set is not empty implies that (a,y,) € Cl1A.
Since f(a, ¥)=1Y, and y,¢ f(4), (a,¥,) & A. Thus f(A) nonclosed im-
plies A nonclosed. So the map f is closed.

(ii) Proof of the ‘““only if’’ part.

Let X be M; f: X—Y a closed map. Nagata [5] has shown that
(a) holds.

So let {U,} be a normal sequence of locally finite open covers of X
satisfying (1) of Definition 2.4. Put F,={ClU:Uec,}. Then it is
easy to see that {f(F',)} forms a family of hereditarily closure preserv-
ing closed covers of Y. It remains to show that {f(&,)} forms an almost
g-refining sequence.

Suppose y e f(A,), A, e F,, ne N, and that {f(4,)} is not heredi-
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tarily closure preserving. Then {4,} is not hereditarily closure pre-
serving. Hence a family {K,} of closed sets exists such that

K,,cA,,,Cl(C) K) —) K, 0.
n=1 n=1

Let z,¢ Cl <O Kn) — O K,. Then St (x,, U,) intersects infinitely many
n=1 n=1

K,, since otherwise we would have
xoeCl(6K1)=6K¢ for some m e N.
i=1 i=1

Hence an increasing sequence {n;} of natural numbers exists such that
St (2, U) N K, #0, 1e N.
Let 2, A4,=Cl1U, for U,e U, and ne N. Since K,,CA,,, we have
St (@, U)NCLU,, D8t (), Up)NK,,#0. Thus St (x, U;) NU,,+0 and
hence
U, C St (St (x, U,), U,,) ©St (St (2, Uy, Us) TSt (2, U0

Then z,, e C1U,,C Cl (St (@, U;-)) TSt (x,, U;-»). So {x,;} clusters, and
hence {z,} has a cluster point. Now let y, € f(4,), ne N. Then there
are x,e€ A, such that y,=f(x,). Since {z,} has a cluster point in
X, {¥,} has a cluster point in Y. Thus {f(4,)} forms an almost ¢-refin-
ing sequence.

We have shown that if {4,} is a g-sequence at x, then {f(4,)} is a
g-sequence at f(x), so (b) is proved.

This completes the proof of our characterization theorem.

Remark. Theorem 3.1 remains true if we replace (a) by the prop-
erty described in Rishel [6, Theorem 1]; because a regular space with
this property is a quotient image of a regular M-space by [6] and hence
quasi-k by [5].

References

[1] Chiba, T: On g-spaces. Proc. Japan Acad., 45, 453-455 (1969).

[2] LaSnev, N.: Closed images of metric spaces. Soviet Math. Dokl., 7, 1219-
1221 (1966).

[31 Morita, K.: Products of normal spaces with metric spaces. Math. Ann,
154, 365-382 (1964).

[4]1 Nagata, J.: Mappings and M-spaces. Proc. Japan Acad., 45, 140-144
(1969).

[65] ——: Quotient and bi-quotient spaces of M-spaces. Proc. Japan Acad.,
45, 26-29 (1969).

[6] Rishel, T.: A characterization of pseudo-open images of M-spaces. Proc.
Japan Acad., 45, 910-912 (1969).

[7]1 Wicke, H.: On the Hausdorff open continuous images of Hausdorff para-
compact g-spaces. Proc. AMS, 22, 136-140 (1969).



