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52. Probabilities on Inheritance in Consanguineous
Families. VIII

By Yisaku KomaTu and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., March 12, 1954)

VIII. Mother-descendants combinations through several
consanguineous marriages (Continuation)

3. General mother-descendants combinations through several
consanguineous marriages
In the present section we consider the problems which cor-
respond to those discussed in VI, §8, but we now suppose that
there exist two descendants instead of one. The reduced probability
in consideration is then defined by
Kiicuys my NGRS DEDS Kll(}w;'n),;(aB; ab)i,,(ab; Eimiy Eamn) (W= prs1¥4)-
In case p=v=1, we get the following results:
Kifcuvs 1, 1(aB; Emy Eame) = oy, Eame) +4(U; + W)X (E19py, Exms)
+27 {27°4,U(aB; Emyy Eame) + (v, + 2w,)Y(af; Emy Ema)l,
K1 cuys n)tlll(ale; Eﬂ?la 82’72)=0'(E 1715 627}2) + 2—Z_N‘+1At U(a,B; 81771; & 2’72)
for n,>1.
In case p=1<v we get the following results:

K] v 15114085 €1y Eeme) = 00 (Emy, Eap) + 277 (2 + ’w,)zng(gml; €s)
+ 27 A, (Asy Qa5 Emy) + 27 V(al; Sy, S}
+277Y (v, + 2w,)S(0B; Emyy Exma),
K1 cuvs wyy (1925 €y, € 272) = 01.(Em1s Eae)
+27%:4, {LGZQ(aﬁ§ Em) + 274 V(aB; Empy, Emp)} for m>1.
In case yu, v>>1, we get the following results:
Krjuvs 1 wl(@B; €1, §am2) = 0,0 (E i, Eame) + 272 (U + wt)‘zl;l'qu(Elﬂl; D)
+ 27y, {2*”}1—52an(11/3 s Em)+27 V‘Z;wIQ(aB; o)}
+ 24—1(2_“1/11; +v;+ 2w,)S(a,8; 81’71) S2’72):
K1 cuys my, w(aB; Emy Exme) = 0,(Eps, )
+27 ey, {2““A—§2n2Q(aB; Emo) + 2""251"16)(0(/9; €:m2)
+ 2'}‘S(a/3; Ems Ema)} for n,>1.
More generally, we obtain the following results:
K2 uvs m, [ urv's 1y 111(aB5 Emss Ema) =0(Ems, Exma) + 4o + W)X (Epy, Eame)
+ 27 A2 A UlaB; gy Eam) + (Wi + 20,)S(a8; §1pyy Exm2)} 5
Ki (p.‘v;'n)tlcu’v';l)tdlv'(aﬁ; Eim1, 52772)
=01, (Ery Eama) + 277z + wt")A—sle(slﬂl; €272)
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+27F A, Ay { Ay, Q(aB; Emy) + 27 V(0 Evpy, Epa)}
+ 2~Z_N‘_V-Az(v;' + 2w;,)S(a;8 s €15 Eama),
&1 [ Cpvs )y | W75 1y m'v'(aﬁ; §1s 52772)
=0,y (EMy, Exne) + 27V (uw + w:’)A’EﬂlQ(él’)l; Ema)
+ 2’J—N‘_t'+1/1t/1;’ {2‘”‘/A§2,,2Q(a/3; 51771) +2 V’AEyuQ(a/g; 52772)}
+ 275NN A2V Al + 0 + 200)S(aB; Evpsy Eme),
Mgy W' =iy and V' =y, being supposed to be greater than unity.
It would be noticed that the above formulas except those with
n,=1 remain valid even for [=0.

4. Descendants combinations after consanguineous marriages

For any mother-descendants combination (Au; 4., 4x,,). .., if
we eliminate mother’s type by summing up the probability ...
(aB; &y, 527;2)51—4;3/6. ..(aB; Emy, Eom) over all the possible genotypes
of mother, then we obtain the probability of a pair of descendants
(Aspnys Asy,,) of assigned consanguineous relationship, which will be
designated by

a...(Em, 82']2)2,.3_7""- . .(ab; &y, 52772)
EZ Auﬁl\’:. .. (ab; 61'7]1, 827]2).

In case of a simple mother-descendants combination, «,,, it is

given by
ﬂuv(Ef’h, 52772)=2Aab'6m(ab§ 51771, 527]2),
a case which has been discussed in II, §1.

We now consider the mother-descendants combination of the
form (Aup; Asynyy Asy)avs vy - The probability of the corresponding
descendants combination is then given by

Tuys 1, 11(517}1; 52772)=0'(51771a E2772) +4(ut+wt)x($177b E2772),
oy (€ Eme) = 0 (i, Eema) + 277Uy + Wp) As 0, Q(E s Exe)
for pu+v>2.

These results show that the distribution of descendants combi-
nation (Asgn, Aspdqwn, i deviates, compared with one without any
consanguineous marrige, by a residual quantity

Opy; 1, mv,(glﬂlz 52772) —0u(Emy, € 2"72)
_ {4(ut+w,)3€(éml, ) for p=v=1,

(’u,; + wt) fo‘w(sml, Eg?]g) “AEIHIAEZ’E} fOI' 14 + v >2,
where we put in conformity with a notation already availed

t—1 13
/u¢+wt: 2 H 2--}\8_24

r=0 S=r+l

Whether the deviation occurs in the direetion of increase or decrease
depends on the sign of values of the factor of w,+w,, namely, the
sign of values of X(&.9,, €:9,) for p=v=1 or of Q(§y; &m,) for u+v>2,
respectively.
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In case of a mother-descendants combination (Aus; As s Aeyn) vy

with n,>1, we get
Opvs n),lpw(el")n 82772):0;»\4(51?71, 3 2"72)

regardless of the values of wu and v provided n,>1, showing that the
deviation vanishes out.

In case of a general mother-descendants combination, a similar
argument will lead to the formula

O (uys g | (W v/5 1Dy wvr(E ey Eama)

__{ (€11, Eame) + 4 + wir)X(Eimy, Eampo) for w'=y'=1,
oy (Emiy Eme) + 27 (wy + Wi ) Ay Q(Emy; Eame)  for M=p/ 4+ -1>1,

n, being supposed to be greater than unity; the formula remains
valid even when [=0.

5. Interrelations and asymptotic behaviors of the probabilities

The asymptotic behaviors of the probabilities as one of the
generation-numbers tends to infinity can be readily deduced from
respective expressions derived above, and will yield several inter-
relations between the probabilities.

We first observe the behaviors of rugyim,,y 88 each of wr, v»
and 7, tends to infinity. We obtain the following limit equations:
mellmy ,.)t,w(aﬁ; El"?l) Ezﬂg)_Aglqllcllmv n)p—qlitgVes nﬁ'v(aﬁ; EZ"]Z)’
hm Kojcuys n)tnw(aﬂr E17)1’ Ez"lz)"/cz[qw Yy _gliby— 1V, +n, I3 ”’)t_zhﬂl(aﬁ’ 3 1715 3 2712)

for l\z With pi=p.,s Vi=v.0 Me=n.,, (1=<s<t—2), and

llilil 'Czlmv;n),mv(aﬁy S, Szﬂz)zocw:w;lw(eﬂh’ Em);
here the generation-numbers except one tending to infinity may be
quite arbitrary and, in particular, ! may be equal to zero, a case
which will be eagily ecomprehensible.

An asymptotic behavior of a probability wcum,. @S t tends to
infinity can be deduced similarly as in VI, §5. We obtain more
generally the following results:

If there exists a nmumber + such that

=1, (const) for r>7
then we have

},lm Kujcuysmdg L vis D, Wv/(a,B; s1"71, 52772)
>0

(&, Eame) + 5 Y i X(Em1, Eam2) for p/=v'=1,
—_— _MI
0,y (S €ome) + "’2*;2,—+2—A§1n1Q(51771r Eme) Sor p+>2,
and if
lim A, =co
then we have 7>

:!Hn ’cll(uv;n},;l(n’v';1),/|p.'v'(a8; El"}l, Ezﬂz):”u’v’(elﬂl’ e2"]2);
otherwise, the probability under consideration will oscillate, as t'—
within certain upper and lower bounds.



