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148. Uniform Convergence of Fourier Series. I1

By Masako SATO
Mathematical Institute, Tokyo Metropolitan University
(Comm. by Z. SUETUNA, M.J.A., Oct. 12, 1954)

1. A. Zygmund has proved the following.
Theorem 1. Let 0<a<1. If f(x) is continuous and
w(1/n)=0(1/n"),

then the Fourier series of f(x) is summable (C, —a) uniformly.

This theorem was generalized by S. Izumi and T. Kawata [1]
and S. Izumi [2]. We give another generalization of Theorem 1.
In our theorem, the case where the modulus of continuity is of
order o(1/(log »)?) is contained. (See Cor. 2.) The method of proof is
analogous to [3]. (Cf. [4].)

2. Theorem 2. If f(x) is of class ¢(n),Y H(n) being less than
n, and is continuous with the modulus of continuity »(8), then®
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where 0<a<1 and ¢;%(x) s the nth Cesaro mean of the Fourier

series of f(x) of order —a.
Proof. We have

o @ -f@)= [(pokzwdt=] [T+ [(|owKe@dt=1+7
0 0 w/n

say, where K,%t) is the Fejér kernel of order —a, and @, ()=
f@+t)+ flea—t)—2f(x). It is known that

(1) K4 )= )+ ra%(t)
where

s 1—a l—a afo . ENT®
(2) ¥ (t)-cos((n+ —2~>t— ) -w)/A,, (2 s1n—é-> ’
(3) r*(t)=0Q1/nt?), |K;*t)| = Chn.

Then we get by (3)
1= [Tl @l =0n [T 101 dt = Cno( T) [ dt=Cof 1),

1) A function f(x) is said to be of class ¢(n) if ¢(n)1 co as n—roo and

J ’ Sl@+t)cos nt dt=0(1/$(n))

uniformly for all x, n, a, b with b—a=2z. (Cf. [4].) If «(1/%)=1/4(n), then the con-
dition becomes trivial, and hence we may suppose that o(1/n)=1/¢(n).
2) C denotes an absolute constant, which need not be equal in each occurrence.
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By (1), putting w(1/n)=1/6(n),
I= [pspkztdt= ["p.tpretit+ [pitiraeat

o aB(n)/g(n) w o ”‘;"
=[N 4 [7 ettt [(pueraewat
w/n ab(n)/g(nd w/n
=Ji+Jy+ s

say, where we take a as the nearest number to 1 such that anf(n)
/m$(n) is an even integer. We have by (2)

cos((n + .lif?‘)f, _1l-a 7,.)
aom>/cn 2 5

=) O aresingpy
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0cmy/gm . sin nt
%, 1—a)t—m)2). - S gy
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say. Putting x(¢)=@,(t) sin((1 —a)(¢ —=)/2) and M=anb(n)/wp(n), then
by the Salem method
1 ey sin nt
Jy=-"— &
Tae) X ) @sing2)
_ 1 & x(t+km/n) } .
= —1)* sinnt dt
A R @sin(t+2km/my2) S
_1 2“/"1”2/2[9((25-}-2[677/%)——}( C+@2k +1)7r/n):| sin it di

VEV = (2 sin(t 4 2k /n)/2)'

1 27 /m M/2
e { SIX(t+(@k+Lym/n)

[ 1 —— 1 ] sinnt dt
2sin(t+2km/n)/2)' (2 sin(E+2(k+1)m/n)/2)t

= J;i + JZ:
say, then

aet [27" 2w ((2k + 8)m/n) 1\ [nf(n)\
J,<Cn ,,f py (é‘(jusz/n)T—& dt < Co (n> - <€((n—))
On the other hand, since
[ x(@E+2km/n)—x{E+@QEk+1)m/n)|
= et +2kmin)—p,t+ @2k +1)mw/n) |+ Cln,

-+

we have
Je = Cnfﬂar/n ME/'A’I ¢w(t+2k’n’/%)—¢i,i(f+ (2 k+1)71"/n) | dt
Y k=1 k
g MM/2 1
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Thus
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and J, has also the same estimate. Since f(x) is of class ¢(n),

cos <<n + 1*;9‘)15 - l_;_‘} .,T)

J,= f Pa(t) AZ425sint/2)'
ab(n)/g(n)
Pu(t) cos((n + 1—;—0‘/‘16 —%‘1 w)dt‘
ab{n)/g(nd

- o
A (ab(n)[p(m))
On'en)™ 1 _ o m N 1
Tt ¢(n) <¢(n)> 6(n)'—*
furthermore by (8)
T = [pdtrrmar=C ¢ f ) gy,

w/n z/n
Thus we have

reefa(2) (e [0

which gives the required inequality with the estimation of I.
Taking ¢(n)=1/w(1/n), we get

Corollary 1. |oz%(@)—f(@)] <c[ ( )n + 1 f “’(p»dt].

3. Theorem 3. If f(x) is of class ¢(n), (n) being less than

n, and is continuous with modulus of continuity w(8), and further
1-a a

m(—l—> <~n > —0 as n—>co where 0<a<1, then the Fourier series

n/  \pn) )
of f(x) is summable (C, —a) uniformly.

We can easily prove by Theorem 2.

Furthermore we get Theorem 1, taking «(1/n)=0(1/%") in Corol-
lary 1.

Corollary 2. Let 0<a<l. If f(x) ts continuous, w(1/n)=1/n%)
and

IA

’

fbf(x+t) cos nt dt=0(1/n%) unif. in x, n, a, b (b—a=2m)

then the Fourier series of f(x) is summable (C, —a) uniformly.
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For the proof it is sufficient to take 1/¢p(n)=0(1/n*) in Theorem 3.
Corollary 3. Let 0<a<1 and 8>0. If f(zx) is continuous, o(1/n)
=0(1/(log n)*) and

B
f fl@+1t) cosnt dt=O0((log 0)*~*/n) unif. in x, n, a,b (b—a=2a),

then the Fourier series of f(x) is summable (C, —a) uniformly.
For the proof it is sufficient to take ¢(n)=n/(logn)*”** in
Theorem 3.
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