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81. Introduction. The well-known Green formula for functions
of two variables, may be stated as follows:

ou v | ou w *u , O ou
4+ 9% 9 dxdy+ (_. =2 \dedy = ds,
(1)  ow ow ayaywyff + )xyf”
where w(z, ¥) and v(z, y) are functions of class C? and R is a bounded
planar region with boundary C. Then, from (1) we have

Theorem 1. If u and v are harmonic in R, then

ou v au v
(2) 2f et oy o P drdy— <v~—+u——)ds

In §2, we shall prove a theorem which is a sort of inverse of
Theorem I. For the proof, we use the method due to Beckenbach
[1]. On the other hand it is known that

Theorem 2. If u(x, y) is harmonic in a planar domain R, then
for any closed circle C(x, y; r) contained in R.

(3) —l_fdfu(m+7“cost9, y+rsin 0) do
2mJ,

2fmf w(@+p cos 0, y+ p sin 0) pdpdf=0.
77"7'

Further Levi [2] and Tonelli [8] proved that if u(z, y) is con-
tinuous in R and (8) holds for any closed circle C contained in
R, then u(z, y) is harmonic in E.

We prove a similar theorem in §8.

§2. Lemma 1 (Saks [4]). If u(x,y) belongs to the class C*
and for any closed circle C(x, y; r) contained in D

f U g G o(r?) P
| om

then, u(z, y) is harmonic in D.
As an inverse of Theorem 1, we prove
Theorem 1. If u(x,y) and v(x,y) belong to the class C* in «a

1) ¢(r)=o(r%) means that lim %?-:0,

r>0
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planar region R, and v(x, y) is harmonic and =0 tn R, and further
if for any closed circle C(x, y; r) contained in R

O (G 2 =[5 oo

then u(x, y) is harmonic in R.
Proof. Since u and v belong to class C' in R, we have for
each point (x,, ¥,) in R,
w(®@, Y)=u(®y, Yo) +0a; r cos 0+b, rsin 6+ o(r)
(5) i :
(2, Y)=v(Xo, Yo) + @, 7 c0s 6 +b, r sin 8+ o(7),

where a,, b;, a,, b, denote the values of ’au" ou a'v av at the
ox’ oy’ o

point (%, ¥,) and x—x,=7cosf, y—y,=rsiné.
Therefore,

% g, +0(1), bl+o<1>,——a2+o<1>,
“ y a:

(6) 5%:bﬁoa)

%:alcose+bl sin 6+ o0(1), ﬂ—av,zcos¢9+b2 sin 8+ 0(1).
on on
By (6) and (7), we get the following relations:

ua_” = u (%o, Yo) v +a, a,r cos? 6+ (a; b, + a, b,)r sin 6 cos 6
on on

+b, b,r sin?0 + o(r),
v% =v (%o, Yo) ou +a,; a,r cos? 0+ (a, b, + b, a,)r sin 6 cos 0
on on
+ b, byr sin%d + o(r),
and hence
v v T ou
7 f <u—+v—)rd6 u (x,, f —rd€+vw, —1rd @
(7) ) on on (oyo) (oyo)o on

+ 271'(0;10;2 + blbz)rz + O(TZ).
Since v(x, ) is harmonic in E,

8) f P i g=0.
By (7) and (8), we get
miow ou
(9) [ (ua—+va—>rd9 v(%,, yo)f ——rdé6

+ 27 (a,a5+ b, b)r2 + o(r?).
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On the other hand

u 2v , ou o .
10) 2 f f [ oD ]dpde 21y, + biby) + 0().

From (4), (9) and (10), we get
2fmf [%Z~ SZ %;i%i] dp 6—f <v——+uAﬁ>rd0
= —v (X, yo)[ %rd@%—o(rz).

Since v(x,, ¥,)F0, we see immediately that for any closed circle
C(xy, Yo; 7) contained in R,

U g 6=o(r?).
. on
Therefore, applying Lemma 1, we see that wu(x, ¥) is harmonic
in R, q.e.d.
Lemma 2 (Beckenbach [1]). Let u(x,y) be a function of class
C' in R, and suppose that for any point (x, y,) in R, one of the
Sollowing conditions s satisfied:
(i) There exists a meighborhood of (%, y,) tn which w(x, y) is
harmonic,
u S

(i) u(@o, Yo)=0 and W o

are summable in R, then u(x, y)

is harmonic in R.

This Lemma and Theorem I give the following.

Theoram II. Let u(x, y) be o function of class C' in R, and
v(x, y) be harmonic in R. And further the following two conditions
are satisfied:

(1) of v(w, ¥)=0, then u(x, y)=0 and moreover Su - Fu
summable in R,

(ii) the relation (4) holds for any closed circle C(x,y; r) con-
taitned wn R.

Then u(x, ¥) is harmonic n K.

Similarly we can prove the following.

Theorem TU. Let u(x, y) be a function of class C' in R, and
u(x, ¥)>0.

If for any closed circle Clx, y; r) contained in R,

(11) au(z, y)! f - f [ ) ( )depd@

- f *a“me o) (1=1),
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then u(z, y) 18 harmonic in K.
When 21=1, this theorem reduces to a theorem of Beckenbach [1].

§3. We shall prove a theorem in the direction of the Levi-
Tonelli theorem.

Theorem IV. Let u(z,y) be a function of class C' in R, and
suppose that for any closel circle C(x,y; r) contatned in R the
following conditions are satisfied:

12) —l—f%u(x+r cosb, y+r siné))dﬁ——l—fmfru(x+pcos 6,
2 . r? A

Y+ p sin 0)pdpdf = o(r?),
(13) fm Max [ {u,(x+r cos 0, y+r sin 0)—u,(x+ p cos b,

0 0<p=r
Y+psinb)} cos 0+ {u,(w+rcosd, y+r sinf)—u,xr+pcoséb,
Y+ psind)}sin@]df=o(r)
then u(z, y) s harmonic in R.
Proof. Let us denote by 4 the left-side of (12). Then

14) A:_zl_fmda%fr {u(+r cos, y+rsinb)—u(x+pcosé,
™ 0 r 0

Y+ psin )} pdp.
By the mean value theorem, we get
w(@+17rcosb, y+rsinf)—u(x+pcos b, y+psin 6)
=u,(x+p’ cos 0, y+ p’ sin ) (r— p) cos 6 +u,(x+p’ cos 0, y+ p’ sin 6)
(r—p)siné
= {U(x+7cos 0,y +rsinf) cos+u,(r+r cosd, y+rsinb)sinb}(r—p)
+(r—p) {[Us(x+p" cos 8, y+p' sin §)—u,(x+r cos b, y+rsinb)] cos§
+ [u,(x+p' cos 0, y+p’ sin 6)—u,(x+r cosé, y+rsinb)] sin 6}
(15) = P,+ P,, say,
where 0<p<p/<r.
Now we get

I1=—21—— " do {%[’Pl pdp}

T
0
1 [ 2 ("ou(x+rcosd, y+rsinb) }
=1 (a9 {__ ou@+rcosd,y+rsing) . g
277[ w[ o p(r—p)dp
1 [ 2 oufrt r 1 [P ou
) =L f ap{ 2 (= L [T gy,
(16) 2770 r: on\ 2 3> 671'0 8’)’&,"

and by (13)
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e [T 2] R

2m
—_2 f(?‘—-p)pdpf [{us(x+p’ cos b, y+p’ sin ) —u,
0 0

=
(x+7rcosd, y+rsinb)} cos 6+ {u,(x+p’ cosb, y+p’ sinb)
—u(x+7cosd, y+rsinb)} sind] do

an =2 [ otw)r—ppdp=o()-Z-- %= o(r2).

By the assumption (12),
(18) d=o(r?).
Combining the estimations (14), (15), (16), (17) and (18), we get

_ 1 2“@% 2\ — (2
4= 6#-[ o rdf+ o(r®)=o0(r?).

Therefore

f U 6= 0(r).
A on

By Lemma 1, we see that u(zx,y) is harmonic in R, q.e.d.
Finally, we conjecture the following proposition:

If u(x,y) belongs to class C in R, and for any closed circle
C(x, y; r) contained in R the relation (12) holds, then u(z,y) is
harmonie in R.
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