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43. Probabilities on Inheritance in Consanguineous
Families, XII

By Ytisaku KOMATU and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., March 12, 1955)

IX. Combinations through extreme consanguineous marriages, 1

1. Mother-descendants combinations

The main purpose of the present and the subsequent chapters is
to deal with a mother-descendants combination through repeated
extreme consanguineous marriages, of which the reduced probability
is designated by

Ky 031wy (aB; 81"]1’ 82712)EKH1VI;0[-~-|u,v,,;0lpu,+1v,+1 (aB; €m1y 62"72)>
and also several related combinations.® Among such a combination
the most extreme case wu,=y,=1 for 1<r<t¢ has been observed
already in the preceding chapter. For the remaining cases we shall
restrict ourselves to consider both canonical cases w,=1<v, and
My v, >1 for 1 <r <t, so that some intermediate cases will be omitted.

We first consider the probability o, for the generic case,
namely with u,v,>1 for 1<r<¢. The reduced probability is
evidently given by a recurrence equation
s 01285 Em1s Exme) = ey 03, _1upy (@65 ab, ed)e, (ab, ed; &my)e,(ab, ed; Exps)
where the summation extends over all the possible pairs of geno-
types A, and A,.

Under the initial condition expressed by

£,(2B5 Eims 52772)=“I§1n1f1—§2n2+Z—MIZEWQ(O‘B ’ 51771)_{.2‘”1/—1;!"1(2((1’3; €:m2)
+2‘>‘T(a,8; €1 52772) (z=#+”“1);2)
it can be shown that the recurrence equation ts solved by
’C(w;()),lp.v(aﬁ; €m1, 5277_2)=A~.31,,1A§2n2 B
+4, {2‘“+1A52,12Q(a,8; &)+ 2—VHA21~41Q(0‘/8; Ema)}
+%+1A§1»11Q(517713 Em2) + Y2415(08; Em1s Eame) + 20T (a5 Emyy Exma)s
where the coefficients are defined by

&
Ay= TI (27 +27%), A=ttt op—1,
r=1

1) Previous papers under the same title have been published in Proc. Japan Acad.
30 (1954), 42-52, 148-155, 236-247, 636-654. For full details, cf. Y. Komatu and H.
Nishimiya, Probabilistic investigations on inheritance in consanguineous families. Bull.
Tokyo Inst. Tech. (1954), 1-66, 67-152, 153-222 et seq.

2) With respect to several quantities involved in the formula, cf. the papers cited
in 1).
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13 t+1 13 t'('! t+1
T =231 II 27%, g, =224, II 2%, z,,=1127%,
s=1

o1 smrtl =1 s=r+l

We supplement here two further special cases which will be
availed later.

First, we consider the combination (aB; s, Emo)pmo,n With
ey v >1 for 1<r<t. The defining equation of its reduced prob-
ability is given by
Keuv; 0,111 (@83 Em1y 52")2):Z’CCM;O),AIM;%(O‘B; ab, cd)e(ab, cd; &m,)e(ab, cd; Exys).
We introduce three quantities defined by

R(Em1s Eame) =] AnQ(ab; cd)e(ab, cd; &3,)e(ab, ed; E,),
S(aB; Emyy Eme)=>>.5(aB; ab, cd)e(ab, cd; &m,)e(ab, cd; Exms,),
Z(aB; €y Ema)=>.T(aB; ab, cd)e(ab, cd; &mn,)e(ab, ed; Exmps).
Their values may be obtained by means of actual computation, while
they will be omitted here for economy reason of space.* The prob-
ability under consideration can then be brought into the form
"cprv;0>,|11(a/83 €1y Emme)=0(Em1y Eme) + 24, U(2B; &y, Eme)
+£L',§R($1771, 827]2)‘*‘?/; S(aB; E1771’ &27]2)—}-23 3:(0‘/8; Emy S2"72)-

Next, we observe the combination (a8; &y, Eme)qnso,y  With
pry vo>1 for 1<r<t and v=v,,;>1. The defining equation of its
reduced probability is given by

’c(u.v:())tllv(a/g; €y Ema) =2 ke 0p111(a8; Eimyy D) k6, 1(ab; Egs).
Introducing three quantities® defined by
2R*(El’m: &) =22 1R (€11, ab) Q(ab; S27]2);
S*(aB; Em1y Eme)=2216(aB; Emy, ab) Q(ab; §xs),
T*(aB; Emyy Eame) =221 (aB; E1my, ab) Q(ab; Exy),
we get the desired formula in the form

Kcuv;0 g|1v(0‘/8 s €myy € 2772> =ap(§m1, € m2) T4, {fiazan(aﬁi 61771)
+27 V(aB; Emyy Ema)} +, {%A_Eg"]gR(slﬂl) +27VR*(E1p1, Eama) }
+Y {%‘A_Ez% SeB; Emy) +277 &*(aB; Eimpy, Eane)}
+2,(34s , T(aB; Emy) +27" TH(aB; Egpyy Eupe)} -

2. Mother-descendant combinations

We shall now consider a mother-descendant combination designated
by (a8; &n)qw;n,m With u,, v, >1 for 1<r<t¢ and with any wu, »,>1.
Its reduced probability is given either by

"cw;ouln(aﬂ; &)= M(M\!;O)g—ﬂl"tvt;”(aﬁ; &)
= ZK(IW:O);—-ﬂMt.V;(a/g; ab, ed)e,(ab, cd; &n)

8) Full tables for the values of these quantities will be listed in a paper which
will shortly appear in Bull. Tokyo Inst. Tech. (1955) as the sequel of the papers re-
ferred to in 1).

4) For full tables for the values of these quantities, cf. also the paper cited in 3).
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or equivalently by

ICCI»W;O)sl”(aIG; Eﬂ)z 2"(»\4;0),“”»(0’,8; ab, s"I) for any Mo

Here two systems are distinguished according to =1 and » >1.

For the lowest system n=1, we can write down the desired formula
in the form

Kuv; oatu(aﬁ; &)= A+ 4, Q(aB; &n) + 32, R(En)

+49,5(aB; 677) +2,T(eB; E’?)'

For generic system % >1, we may rather use, instead of the above-
mentioned defining equations, an alternative equation

Key; 0p1n( 55 )= kpv; oy 11(@B; ab)ie,_i(ab; €np),
which readily yields the formula

K 00183 En)=Agy+ 4,2 "*'Q(aB; &n) Sfor n>1.

3. Descendants combinations

Elimination of mother’s type in a mother-descendants combination
leads to a corresponding descendants combination. In considering
the probability thus defined by

O (uv; 01wy (51771’ 52’772)22Aab/0<w;0mw(ab; 51771’ 52172),
we distinguish three systems according to p=v=1, u=1<v (or
u>1=v), and wu,v>1.

In case of the first and lowest system, we obtain the formula

Oy 0),[11(5 15 Eme)=o(Emuy Eame) + (@, +22)R(E s Exm)s
while in case of the second system, the formula is put into the form
U(;w;O)th(E 1715 § 2772)=0'1v($ 1715 82772)
+ (@, + 22,) {3 A, B(E 1)) + 27 R* (G, o)}
Finally, in case of the last and generic system, the formula becomes

O (uv; 0 1y Emy Ema) =0, Em1, Sem) + (0, + 2zt)2‘)‘AEmQ(E 15 §ams)-

4. Distribution of genotypes in a generation of descendant
Elimination of mother’s type in a mother-descendant ecombination
or of a descendant’s type in a descendants combination leads to a
corresponding distribution of genotypes in the generation of an un-
eliminated descendant. We now congider the distribution defined by
A(W:O);ln(&?)=2Aab’c(’w;0)tln(a'b; 577)—“—20@;0;,4% (ab, s’l]) for any u.
It can be shown that the final formulas are expressed by
A OJ,II(E’I) = Ag,+ 3 (2, + 22,)R(Ep),
ACuv: o>,ln($77)=Asn for n>1,
valid even when u,=y,=1 and when w,=1<y, or w, >1=y,.
Thus, there appears a remarkable phenomenon analogous as
stated in VI, §4. In fact, the distribution in o generation immediate
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after a consanguineous marriage deviates, compared with the corre-
sponding equilibrium distribution, by the quantity R(Ey) multiplied by
a positive factor x,/2- 2z, which depends only on the generation-numbers
constituting the assigned comsangwinity. The deviation vanishes out,
however, soon in the next generation provided random matings take
place.

5. Asymptotic behaviors of the probabilities

From explicit expressions derived for respective probabilities it
can be readily deduced how they behave as anyone among the genera-
tion-numbers tends to infinity. For instance, we obtain the follow-
ing limit equations:

}LI_)IB K'cw;o:;mv(a/g; Emy € zﬂz):AEInI/‘Cu.v;O)tlv(aB; 52172),
Siin Kuy; O)g[ll-‘“(ale; §1m1s 82"72):"G-w;0>w--zlmo-1vn:—1:\Iw PP (27 H 51771, 3 2772),
w0 o0
ph= py, and Vi=y,, for 1rt—w.
Similar conclusions may be made also with respect to the prob-

abilities such as «qu;0,10(%85 £9); oy 0w(Emy Smz) aNA Agy;00n(En)-

Asymptotic behaviors as ¢ tends to infinity can be deduced in a
similar manner as in VI, §5 or VII, §5. For instance, we get the
limit relations:

A+ CR(68) < 1M ke, 0,(a6; 96) < T ki 00,1(0; 96) < Ay +CR(01),
>0 t>00

Aij+ ER(’U) = h_m Kopy; O)tu(a,@; S P—m K‘(pw;m,u(aﬁ; )= fTu+§R(ii),
t->o0 >
where we put
_zii_r-ﬁzr-:_li—nl—(l"r'l'yr)—l’ i=§ﬂ3r5@(ﬂr+ﬂr)—1,

¢ =1/@~1), =1/@~1),
for which, in view of our assumption yx,.>2 and v,=2 for any 7,
there hold the estimating inequalities

3<isl=sw, 0=<(=C=IT.



