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46. Note on the Mean Value of V(f)

By Sabur6é UCHIYAMA
Mathematical Institute, Tokyo Metropolitan University, Tokyo
(Comm. by Z. SUETUNA, M.J.A., April 12, 1955)

1. Let GF(q) be a fixed finite field of order g=p* and put the
polynomial
1.1) f@)=2"+a,_ 2" '+ - +ax (a; € GF(q)),
where 1 <n<p. By V(f) we denote the number of distinct values
Jf@), x € GF(q). L. Carlitz [1] has recently proved by an elementary
method, that the sum

@ Q
. =— >3,

(1.2) alegﬁ'm V= 29—1 2

the summation being over the coefficient of the first degree term in
f(x); in other words, we have

q
V(f)>—2—

on the average. This result may be compared with a theorem of
the present author (cf. [2]).
In this note we wish to present the following analogue to (1.2):
Theorem. We have
“ q n—r
(1.3) S V=20 (Ner asn<p),

deg f=
where the summation on the lefi-hand side extends over all primary
polynomials of degree n of the form (1.1).
As an immediate consequence of (1.3) we get
Sy = et o
deg f=n 2 2
with the equality only for n=2.
2. For x ¢ GF(q), we define, as in [1, §2],

@.1) o(x)= 2™ S@P | S(g)=x+a"+ - - +2 .
It is clear that e(x+y)=e(x)e(y) and
9 (¥=0),
2.2) S e(oy)= {0 o)

The theorem being true for =1, we may suppose that n>1.
If we denote by M, (1 <r=<n) the number of y € GF(q) for which
the equation f(x)=y has precisely r distinct roots in GFY(q), then we
have
(2'3) V(f)= E M, g=>) rM,.

r=1
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Further, if N(f) @ <k<n-—1) is the number of solutions (z,, x,
see s Tpyy) In GF(g) of the system of equations

S@)=f(@)= -+ - =f(Xy.1)
with the condition

(2.4) Ty z\:"”Jz if 7,370
then

N(f)= 2 rr=1)-- =M,

and tising (2.8) we get (writing N, for N,(f))
(2.5) Vi =g D4 T (ppi Mo
On the other hand, by repeating use of (2.2), it is easy to see
that
%
PNH= S 2 o @) —fwn),
tl"""lc TR AR J=1
where 3’ indicates that the summation implied is over all «,’s that
., satisfy (2.4).
We need the following lemma.
Lemma. If not all of the t;, are zero, then we have

(2.6) S S o ) —fa)=0

Ay —1s vov s a z,
Sfor 1<k<n—1.
In fact, if the sum on the left-hand side of (2.6) were not zero,
there would be certain elements @, @, . .., &z, in GF(q), satisfying
(2.4), such that

13

g tj(wj‘_ wj'+1) =0
for s=1,2, ..., n—1, and a fortiori for s=1,2,..., %k However,
this is impossible since the determinant
Ty—y X~y - r Tp— Ly |=(— I)WHD

II' (@;,—x,,) 0.
<J
x‘;’_xg wz)‘_xg e m _‘x/c+1 2

or—f Ty—a5 e TE—h
Now, by virtue of the lemma, we have
¢ 2 N{f)=q"*-q(@—1)---(@—k).

-1,

Hence we obtain ﬁnally

5 VO=r+ B R 1t Dot

15 ++10g

~n+2( l)lc—lqn -qlg— 1) (@—k+1)

k!
— gl (— l)k—l&k)qn—lc
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‘which completes the proof of (1.8).

3. As is easily seen from (1.3), we have
3.1) V(f)=eaq+0Q)
on the average, where
1 1
cn=1~§+§——
It will be interesting to note that the coefficient ¢, gives, in some
known cases, the actual size of V(f), e.g. ¢;=1, ¢;=1/2, ¢;=2/8,
¢,=5/8, and ¢, >5/8 for n=5. Therefore, it may be worth while to
decide under what circumstances the relation (38.1) can in fact hold
for a certain polynomials of higher degree. To assume the absolute
irreducibility of the associated polynomial
F*(u, v)= f@)—f(v)

U—v

a1
s +(""1)n I?o

»

in GF(q, u, v] seems sufficient.
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