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2. Fourier Series. VI. A Convergence Theorem

By Masako SAT6
(Comm. by Z. SUETUNA, M.J.A., Jan. 12, 1957)

1. We have proved the following theorem [I].
Theorem 1. If, for a fixed x

(1) f(x-Fu)-f(x)jgu=o(t) t-O

and

(2) f 1[f(+u)--f($--u)]du-o(t/log--) . t-->O

uniformly in in a neighbourhood of x, the Fourier series of f(t)
converges at t-x.

Further S. Izumi [2] has proved
Theorem 2. If, for a fixed x

3 ) ft, f(x+u) f(x) du-- o(t) as t 0

and

(4) f’’ I("ny++/ f(v)-- f(v--r/n)dv --o(1)n dt
= V

+2kq:/n

as n-->, then the Fourier series of f(t) converges at t-x.
We shall here prove the following theorems.
Theorem 3. If the Fourier series of f(t) is summable (C, 1) at

t-x and the condition (2) holds, then the Fourier series of f(t) con-
verges at t--x.

Theorem 4. If the Fourier series of f(t) is summable (C, 1) at
t-x and

(5) [f(+u)--f(--u)]du--o(t) as t->O

uniformly in in a neighbourhood of x, and further if*)

(6) A/f(+t+(2j-1)’/) dt--o(t) ,

Tt o ht tho oodto (B) plo (C, ) abfl_ity o
o o () t -, bt tho oodto () doo ot o.
o tho poo o tb.oo thooo wo o tho o!!o

thoo, do to W. . ooi
* A is the second difference with breadth h, and then /nf(x+t+(2j-1)/n)

f(x+ +(2j-1)/n)- 2f(x+ +2jz/n)+f(x+ +(2j+1)z/n).
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Theorem 5. If the Fourier series of f(t) is summable (C, 1) at
t-x to f(x), then

1-(sn(x-i-an) +sn(x--an))-(sn(x)--f(x)) cos na-->f(x),
2

where a-O(1/n) and s(x) is the nth partial sum of the Fourier
series of f(t).

We prove
Theorem 5. If (5) holds, then

_1_ (s(x -P 2r/n)+s(x 2/n)) s(x) O.
2

This theorem is the case a=2/n in Theorem 5, but the condi-
tion (5) does not imply the (C, 1) summability of the Fourier series
of f(t).

2. Proof of Theorem . Let s(x) be the nth partial sum of the
Fourier series of f(x), then

()-f f(+t) in (n+ 1/)t_dt____ff(+t) in nt dr+o(1)
2 sin t/2 t

f= (--1)
/ f(+t+/) sintgt+o(1)- t+k/n

t+2k/n t+(2k+l)/n sin nt dt+ o(1).

Let us consider

.(x) 0.(x)- s.(x) --(s.(x+/2n)+s.(x-- /2n))

(7)
2 :-c/J L t+2k/n

f(+t+(+1/)/)
t+(2k+1)/

sin t gt +o(1).

Let @0. By the condition (2), for 0 </,
A/f(+t+(2k--1/2)/) sin t gt

t+2/

_fA ( 1 )2- /f(+t+( l/)/)gt o
(lkl+l) log n

and similarly

f:,: A:,,.f(x+t+(2+il2)ln) ( )7-(2f--i)-#7-n sin nt dt- o
(I 1+x) log

In the case -0, usin monotonity of sin ntit, we get the same
estimation, Hence

1:(X)--O(n-(ikl+-i) log n) (1)"

On the other hand, by Theorem 5, O(x)f(x), and then s(x)f(x).
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3. Proof of Theorem 4. Starting from (7), we get

(x)_ _1__

A/:f(x+t+(2k--1/2)r/n)--l/.f(x+t+(2k+ 1/2)r/n) sin nt dt
t+ 2kTr/n

1 fzv/n A/:f(x+tA-(2k+l/2)cr/n) sin ntdt+o(1)--2-n =-n/a --(t + 2kTr/n)(t+ (2k+ 1)/n)

By the second mean value theorem and (5), we get

-=/k-+l-j A/:nf( +t+(2k+ X/2)/n)dt--o(1),

where 0<0 1, 0 $<v /n.
On the other hand we put

l/o.f(x+t--cr/2n)--12/of(x/t-f-Tr/2n)t sin nt dt

=z+z.+h.
Then by the second mean value theorem and monotonity of sin nt/t

n fI--2r (l/:f(x+t--Tr/2n)--l/:f(x+t+Tr/2n))dt--o(1),

where 0 < -/n. And further
1 sinntdtL --2n (t+2k/n)(t+ (2k+1)/n)

(A/.,f(x+t+(2j--1/2)/n)--A/f(x+t+(2j+ 1/2)/n))
j=l

I f/ sin nt dt

/

N(f(+t+(-1/)/) f(+t+(+/)/)).
Since

k: (t/:f(x+ t+ (2j--1/2)r/n) A/f(x+ t+ (2j+ 1/2)r/n))

f(x-t- t+ (2k -t- 3/2)r/n) f(-t- t+ (2k -t- 1)r/n)

+ f(x+t+(2j-1)r/)-2f(x+t-t-2jr/)/f(x-Ft-t-(2j+ 1)’/)],
j=

we have
l f / sin nt dtI=-2n= (t+2trr/n)(t+(2k+l)Tr/n) = A2/f(x+t+(2j-1)Tr/n)

1 f’/nf(x+t+(2k+ 1)r/n)--f(x+t+(2k+3/2)Tr/n)sinntdt_f_o(1)+-2n- (t+ 21Tr/n)(t+ (2k+ 1)/n)
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1 f [n/2
sin nt dt , A/nf(x+t-t-(2j--1)r/n)

27r =1

1 )
i=,, t+2kr/n t+(2k+l)/n +o(1).

he inner sum of the last term is written as

1 1 1 1

2t; 2j 2k 2k+1

1 1 1
2 t+2j/n 4(t+(2n/2+l)/n)

+ (t/+) (t/+ + 1)
1 1 1
t+/ (t+([/+)/)

n / r nt/+x+ 1/2 dx.+ J (nt/+)(t/+ + 1)

hus we have by the second mean value theorem

A/f(+t+(2j--1)/) sint gt+o(1)I=-. = t+/

A/f(+t+(2--l)/)

(t/+)(t/+ + 1)

A/f(x+t+(2j--1)/n) sin nt dt+o(1).
4 = t+2j/n

And similarly we have
1 / -1

A/f(+t+(2--l)/) sint dr+o(1).I-
-/ t+/

Aeeardingly by the condition (6) we get I+I-o(1).
S()0 and then (w)f() by heorem g.

4. Proof of Theorem 6. Let us consider

() 0() () --((+/)+(-./) ()

1 /? /A

2 =/
/f(x+t+2(k 1)/n) sin ntdt

t+2/n

dx

Thus we get

1. f/ /f(x+t+(2k--1)r/n) sinntdt+o(1)
27r : /3o t-4- (2k-t- 1)Trin
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say.

2r

l/f(x-t-t+2(k-- 1)Tr/n)- /f(x+ t+ (2/ 1)Tr/n) sin nt dt
t+2kTr/n

1 /a f/ zl/f(x-f-t-f-(2k--1)cr/n)
2n : --C/,. (t+ 2kcr/n)(t -f- (2k -t- 1)Tr/n)
--I--J+o(1),

By the Abel lemma

sin nt dr+o(1)

I= 1 [’/ r sin nt dt
2 -.. t+e/)(t+2+

(J/,f(x+t+2(j--1)/n)--/,f(x+t+(2j--1)/n))

1 /" sinntdt

(2/f(x+t+2(j--1)/n)--/,f(x+t+(2j--1)/n))

=L+h+o(),
where

f(xA- t+2(k+ 1)/n) f(x+t+2k/n)
[f(x+ t+ (2k+8)/n)-f(x+ t+ (2k+ 1)/n)].

We can easily see that I-o(1). Further, by the second mean value
theorem,

1 f/ f(x+ t+ (2k+ 1)/n)--f(x+ t+2k/n) sin nt dt
2n :-/2oJ (t+2kln)(t+(2k+1)/n)

/2

2 =-/3 (2k+ 1/2)(2k+ 1)

’ [f(x+t+ (2k+1)n) f(x+ t+2k/n)] dt

where 0<O 1, 0 < /n, and hence
n/23 1

Thus we have I=o(1).
Similarly

n/23 fj___ n O zl2,/f(x A- t -t- (2k-- 1)Tr/n) dt2-- =-,/-(2k-Accordingly we get (x)=o(1) in the interval (0, /2), and then
in the interval (0, 2).
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After W. W. Rogosinski [3!, O(x)-->f(x), a.e., and hence
sn(x) "-> f(x), a.e.
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