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2. Fourier Series. VI. A Convergence Theorem

By Masako SATO
(Comm. by Z. SUETUNA, M.J.A., Jan. 12, 1957)

1. We have proved the following theorem [1].
Theorem 1. If, for a fixed x

(1) f T f(wtu)— F @) du=o(t) a5 t0
and '
‘ 1

0
uniformly in & in a meighbourhood of x, the Fourier series of f(t)
converges at t=uw.
Further S. Izumi [2] has proved
Theorem 2. If, for a fixed x

(3) f‘|f(x+u)—f(x)|du=o(t) as t—>0
and '

(4) nf "

as n—>co, then the Fourier series of f(t) converges at t=ux.

We shall here prove the following theorems.

Theorem 3. If the Fourier series of f(t) is summable (C,1) at
t=x and the condition (2) holds, then the Fourier series of f(t) con-
verges at t=ux.

Theorem 4. If the Fourier series of f(t) is summable (C, 1) at
t=x and

(nzn,zfmzknm/n fw)— f(v ”/n)dv'—o(l)

k=1
t4+2k7 /0

(5) f‘[f(s"'u)—f(f—u)]du:o(t) as £0
0
unsformly im & in a neighbourhood of x, and further if*
m/n| Gl g
6 | L @t + 25— 1)7’/")!dt t :
( ) f |j-—2[n/2j t+2,77'r/n 0() as n—>co

then the Fourier series of f(t) converges at t==x.
It is known that the condition (8) implies (C,1) summability of
Fourier series of f(f) at ¢=x, but the condition (1) does not so.
For the proof of these theorems we make use of the following
theorem, due to W. W. Rogosinski [3]:

* A2 is the ‘second difference with breadth h andwthén Az 2 f(x+t+(2g—1)n/'n)
—f(x+t+(2g—1)ﬂ/n) (@ +t-+2jrt/m)+F@ -+t +@+1)n/n).
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Theorem 5. If the Fourier series of f(t) is summable (C, 1) at
t=x to f(x), then

—;—<s,,<w+a,,> 8, (@ —a,))— (5,(5) — £ () cos na,~f (@),

where a,=0(1/n) and s,(x) is the nth partial swum of the Fourier
series of f(¢).

We prove
Theorem 6. If (5) holds, then

@ 2min) 5o — 2m/m) —8,(@) > 0.

This theorem is the case a,=2w/n in Theorem 5, but the condi-
tion (5) does not imply the (C, 1) summability of the Fourier series

of f(2).

2. Proof of Theorem 3. Let s,(x) be the nth partial sum of the
Fourier series of f(), then

sn(x)zlf F(w+t) sm(n+1/2)t lf F@+t) _smnt dt+o(1)

2sint/2
_;k;n( 1)* f L (xtﬁ_t;rl;w/ ") sin nt dt4o(1)
_1 @y o f(w+t+2kW/%) f(@+t+(2k+1)m/n)
m}t‘;mf i t+2km/n t+ @k + Lym/n ]Sm nédt-+o(l).

Let us consider
sn<x>=9n<x>—sn<x>=l (8u(@+m/20) +3,(5—7/2m)) —5,(2)

_ 1 & e w/gnf(x+t+(2k -1/2)m/m)
‘D 27rk=§»/230f [ t+2km/n

_ Ao f(@++(2k+1/2)m/n)
b+ (24 Ty J sin nt dt+o(1).
Let k0. By the condition (2), for 0 < &<y < w/n,
fﬂ/" wsen) (@414 (2k—1/2)m/n) sin nt dt
t+2km/n

1
= 2k f"m" (@tt+ @k —1/2)m/m)dt= O<(|Ic|+1)10gn)

and similarly

T A yon S @A+ (2K +1/2)m /) tdp=of 1
/ t+ 2k 1)m/n sin.n °<(|k|+1> log*n>
In the case k=0, using monotonity of sinnt/t, we get the same
estimation. Hence
1
~J=o0(1).
8.(®)=o 3 Ul log )=o)
On the other hand, by Theorem 5, 6,(x)—f(x), and then s,(x)—>f ().
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3. Proof of Theorem 4. Starting from (7), we get

1 (n/2]
S, ()= —-
@) 27 k==Tw/2)

f”"" A7)0 [ (@+ b+ 2k —1/2)m/ 1) — 47 )20 f (@ + T+ (2K +1/2)7/m)
t+2km/n

1 /2] . £ o f(ac—l—t—|:(2k+1/2),,,/@) . )
2n k=-—[n/2j,([ (t+2k77'/’n)(t+(2k—|—1)71-/n> sin nt dt—-l—o( )

=I+J+0(1).
By the second mean value theorem and (5), we get

g=" % b [ o bt @4 L2y m)d=o(D),
%

-sin nt dt

0

2 e-Smm ki1
where 0<6, <1, 0§, <9, < m/n.
On the other hand we put

1 /2] —1

=[5+ 3 ]
2mr Li=1 k=—Cn/2]

41 Ly jon S @+ E—7/20) — 45 5, f (R + T+ 7/2m)
2 . t

=L+ L+,

Then by the second mean value theorem and monotonity of sin nt/t

L= [l o Pt t—m20) = 2oy o+ /20 =o0(1),
g

sin nt dt

where 0 < &<y <m/n. And further

L= 21%Ef/21]f v (t+2kw/;;git(gfc+1‘)&/n)
0
3 (8 @b+ Q= L2m /) = By F a2+ 1/2)m0)
4+ 1 (" sinntdt
2 . t+m
S @t QG 12 )— £ o o+ 2+ L2
Since

S (o o+ 4 @12 /) — £ o f @+ 2412 )
= — [ f(@+t+(2k+8/2)m/m) — f(@+t+ 2k +1)m/n)]
+33 [ @tt+@5—Dm/n)—2f (w+i+2jm/n) +f @+t + 25+ Dm/n) ],

we have
I— 1 Wﬂf’”" sin nt dt
1

2n i
0

(t+2km/n)(t+(2k+1)m/n) 2 drnf (@t t+Q2i— L)rr/n)

1R (gt (24 1)m/m) — f (@t 2+ 8/2)m/m)
Ton Ef (t-+ 2l m)(t+ (2 -+ Lym/m) sinnédi-+o(l)
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- " sin nt dt E 4, f(@+t+(25—1)mr/n)
™
0

En/2]< 1 1
Si\t+2km/n 4+ QRk+1)m/n
The inner sum of the last term is written as

)+qn.

Enz/ﬂ < —_1—- B ‘}____,, H) L’ﬁtﬂ/ﬂ ( 1 _ 1 >
=5\ t+2km/n t—l—(2k—|—1)7r/n k=i \ mtjm+2k  wtjrm+2k+1

n [n/2jf2k+1 dx n 2An/2]+1 d ,n [n/2]<f2k+1 f2k+2\
T2 Iczj (nt)m+x)? T Amr s V(’I’Lt/'n'—}—:l;)2 4o k=

2k+1
1 1 o 1
2 t+2im/n  AGt+m(2Tn/2]+1)/n)

n /2] 2k+1 1 1
. S
+47r ;ij < (nt)m+x)?  (nt)m+x+1)> ) v
_1 1 _ 1
2 t42jm/n  AG+7(2[n/2]41)/n)
n ,,,",f"mf%” nt/7r+x+ 1/2 B
2m k=i (ntfm+x)? (nt)m+a+ 1)
Thus we have by the second mean value theorem

f= [ S st iy Sh ko
2gm/n

w/nn/2]

+ 2 S g r @+ @i D)

ol ntjm+x-+1/2 da) sin né dt
<I§Jf (nt/m+x)* (nt/m+ 2+ 1) w) S

n/nln/2]
= f S1 e St @i =Dy U diro(0)

And similarly we have

T/ n
L=-1 2 A F@t @i =D ) SRR gy y o(1),
JE R t+24m/n

Accordingly by the condition (6) we get I,+I,=o(l). Thus we get
8,(®)—>0 and then s,(x)—>f(x) by Theorem 5.

4. Proof of Theorem 6. Let us consider
8.(@)=0,(@)—s,(#) = (s,(a-+2m/m)+5,(a—2m/1) —s,(2)
_1 &7 /g, f@+t+2(k—1)m/n)
>3 f t+2k/n

21 k= Cn/2)
1 w2 ™ My S @+ 2k — 1))
1 e/ tdt 1
2m k--%z:f t+@k+1)m/n st et

sin nt dt
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. 1 [n/2] /0
“om k-.%/zjf
t—|—2k'7'r/n
___1_ G/ /o Agﬂ/nf(w+t+(2k 1)”’/_@)_ tdt 1
2n k=-wz:/ (bt 2oyt @t Tymfmy S0 dEFOD)
=I—J+o0(1),
say. By the Abel lemma
I—~ 5 f”"" /2 ™ sin nt dt

k= —E'n/2] n (4 2km/n)(t+(2k+1)m/n)
(Lin/n f(@AE+2(5—Dym/n) — By o f (@41 +(25 = )/m))

J=—En/2
1 [=/» sinntdt

tom /) t42m[n/2]/2

3T (U @t + 2= ) — L f @ 25— D)
+o(1)
=1+ I+o(1),
where

j}‘. (Bin s f(@+E+2(5—D)m/n)— 4, f(@+ T+ (25— 1)m/n))
=[f(@+t+2(k+)m/n)— f(@+t+2km/n)]
—[f(@+t+2k+3)m/n)— f(w+t+(2k+1)m/n)].

We can easily see that I,=o(1). Further, by the second mean value
theorem,
=1 [ S@tit@h41ym/n)—f(wtt+2km/n)
2n k="tmd (t+2kmn)(t+(2k+1)m/n)
,n [n/2] gk
T 2nt - (2k+1/2)(2k+1)

[ L @At @+ Dymim)— F @+t + /) dt

sin nt dt

2/
where 0<0,<1, 0<§,<9,<m/n, and hence

L=o) & 1 o)
D A T R

Thus we have I=o(1).
Similarly
J= n /21 o
272 k=ZTn/2) (2k+1/2)(2k+1)
=o(1).
Accordingly we get §,(x)=o0(1) in the interval (0, 7=/2), and then
in the interval (0, 2).

f 22, f (- t4 (2l —1)m/m) di
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After W. W. Rogosinski [3], 6,(x)—> f(x), a.e., and hence
s, (%) > f(x), a.e.
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