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21. A Note on Homotopy Classification and Extension

By Yoshiro INOUE
(Comm. by K. KuNUGI, M.J.A., Feb. 12, 1957)

1. Let Y be a topological space such that
T(Y)=0 for 0<i<n, n<i<q, ¢g<i<r (n>1).
When r<2¢—1, K. Mizuno has studied the obstruction and the clas-
sification theorems for mappings of a geometric complex into Y along
the line of Eilenberg-MacLane [1]. Our purpose of this note is to
generalize these theorems for the case where r=>2g—1. This paper
makes full use the notations of the paper by K. Mizuno [3].
2. Let II and II’ be abelian groups. For a given cocycle ke Ze+!
(IT, n; I1"), let K(II, n, I, ¢; k) be the complex defined in the paper [2].
Let (K, L,;, ©=0,1,---,7=>0, be c.s.s. pairs. Denote by D the sub-
complex of K(II, n,IT', q; k) generated by all (1,,,1,,). As was shown
by K. Mizuno [8], a mapping T: (K, L)) - (K(II,n,Il', q; k), D) is
characterized by a cocycle and a cochain
x,=T%b,e ZK, Ly, I1), ¢,=T%*b,e C(K, Ly, I1")
subject to kT(x,)+8¢c,=0 [3, p. 56]. The map T corresponding in
this fashion to the pair (x,,¢,) will be denoted by T(x,,¢c,). Given
r-cocycles wqieZ %K, L;; I’y with ¢,<gq, 1=1,- .-, r, we shall define a
chain mapping
R, (2., ¢ Lype s wqr) (K, L)y-> K1, n, 1V, g; k)

of degree s:ﬁ(q——qi) which is called the defect, where L= Lil L,.

i=1 =0
The map R, , is defined as the composite of the maps displayed in
the following main diagram:

(K, L)

e
v

(K L)X (XL 7= (K L)@ (Q(K, L))
| R@wo® (@ RE)
K(IT,m, 1V, ¢; 1) ® (@ (K(IT', 4,)
| ro@s
K (I, T0,g516) X (X KV, g)) " K(IL, m, IV, ¢; H) @ (® (KL, )

I

K1, n, I, g; k).
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Here, the first map e is the diagonal map. The second map f is the
standard map of the Cartesian product into the tensor product. The
third map is the tensor product of the FD-maps R(X,, ¢)=T(x,, ¢)—
T(0, 0) and R(xqi)zT(xqi)—T(O), 4=1,..., 7, while the fourth map is
the tensor product of the suspensions. The fifth map g is the standard
map of the tensor into the Cartesian product. Finally, the map v is
defined by

'Y(((IS! ‘P)X"Pl Xoeee X‘Pr)=(¢'r Yronfron e °"Pr)y
where
Yoyriow e o (B)=P(B)+¥u(B)+ - - - +¥.(B),
for arbitrary appropriate dimensional map @G.
8. Let G be an abelian group and let ye H'(IL,n,1l',q,k; G) be
a cohomology class. Let Xqi be the cohomology class of Ty, We
shall define the n-operation y.(x,,¢; X, ,---, X,) by
yﬂ(wnr (A Xqﬁ Tty er):Rn,q(xn’ G Lgpe qu)*y’
where R, (@, ¢ %, ,)*  H(II,n,IT',q,k; G)—> H'"(K, L; G) is the
homomorphism induced by R, (. ¢; 2, +,%,).
Lemma 1. Let (K',L]), 1=0,1,---,r, be c.s.s. pairs. If U,: (K,
L))~ (K, L,) are simplicial maps which agree on K' and thus deter-

mine a simplicial map U:(K',L"Y—(K,L), L'= [j L;, then
=0

U*[yn(xm ¢C; qu»' ) Xq,)] =yn( Uoﬂ:xm UO#C; Ul*qu’ tt U'r*Xq,.)°

Lemma 2. Let (K,L,M) be a cs.s. triple. Given a simplicial
map T(x,,c): (K, M)~ (K1, n,II',q; k), D), cohomology classes X, ¢ H%
(K, M; 1", ¢, <gq, i=1,-++,7, X, e H(L, M;11"), m<q and y<H'(Il,n,
I, q, k; G), we have

Y@ 6 Xy v 0y X,y 8X,, Xy e 0y Xy,)
= a@(g CRUDLIENOENTATAD. SREEEN A5 SFD. W15 SNTEEI AP eW )
cH" YK, L;G)
where s=3)(¢—q)+(@—m—1), P@)=(—1y, 8X, ¢ H"*(K, L; I') and
=1

1:(L, M)—(K, M) s the inclusion map.

4. Let Y be a topological space such that

T(Y)=0 for i<n, n<i<q, g<i<r, 1<n.

For the sake of brevity, we write, in the following, =,=7,(Y),
m,=m(Y) and 7, =7 (Y). Let ki*'eZ*(Il,n;Il") be the Eilenberg-
MacLane invariant of Y. Then, the operation y.(x,, ¢ X,, -+, X,,) is
defined by using the complex K(m,, n,m,q ki""). Let k;i}eZ"™(m,
n,m, ¢, k;m,) and kj*'e Z**(m, q;m,) be the cocycles defined in §6 of
[8]. Let £ and ;! be the cohomology classes of ki!; and kj*.

Let K be a geometric complex. A map f:K"—Y determines a
cochain a?eC™(K,m,) defined by the standard manner. The cochain
a? is a cocycle if and only if the map f admits an extension f,: K?"—>Y
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which presents an obstruction cocycle ¢?*!(f,)e Z?**(K,m,) which is
represented by
e () =kt T(al)+ 811 f,).
This obstruction ¢?*!(f,) is zero if and only if the map f, admits an
extension f,:K”—Y which presents an obstruction cocycle ¢"*'(f,)e
Z™* YK, m,) and
)=k Tl 1 f)+8 f,) [3, Lemma 7.1].

Let L be a subcomplex of K and let f:L-—~>Y be a map extendible
to amap f':K'"VL—Y. The cohomology class Z"*!(f’) of the obstruc-
tion cocycle ¢"*!(f,) depends on the choice of the extension f'|K‘YL
of f.

Lemma 8. Let fi,f,: KYL—>Y be two extensions of the map f:
K" LY, and which are extendible to K¢*'""L—>Y. Then,

Z“‘(fl)—Z’“(fz)=5?I.TJn(a}‘, lefy aq(fvfe))'l‘gezﬂ Faq(fpfz),
where a'(f, f.)e H(K, L; m,) is the cohomology class of the cocycle
lfi—Us,.

Theorem 1. Let f:K"L—>Y and let g: K"VL—>Y be an exten-
sion of f. Then, the map f admits an extension f': K "**VL->Y if
and only if there is an element

e'c H(K, L; m,)
such that
Z" N (g)+ 8 a(a, lg; )+ 87 e =0.

Theorem 2. Let L be a subcomplex of K such that dim.(K—L)<r,
let fo, f1: K=Y be two maps which agree on K™ 'YL and let d"(f,, f1)
be their difference cocycle. Then, fo==f, rel. L, if and only if there
exists a cohomology class

e 'e H YK, L; m,)
such that
dr(fmfl)“‘ﬁqun(a}ly lfy; et )+ R et =0,
where d"(f,, f)) is the cohomology class of d’(f,, f1).
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