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(Comm. by Z. SUETUNA, M.J.A., OCt. 12, 1961)

As to the notions and notations we refer to [1, 2] throughout this
paper. In [2, the author presented Cantor’s Absolute as a universe
satisfying certain conditions. In addition to these conditions we
shall now assume the following:

For any set a and any well-defined univalent relation, there
exists a set consisting of all sets each of which corresponds to an
element of a by the relation.

In assuming this, we shall prove in this paper that, for every
definable class of true closed formulas in Tv, a formula with the
following meaning belongs to Tc:

For every set a of C, there exists a set b which has a as an
element and which is a super-complete model of all formulas of the
class under consideration.

More exactly, this assertion is given in the following form, if we
use and , in the same meaning as in E23:
( ) Vu,x(ux A VyVz(yex A (zy V zey)I-- zex) Vy(!I(y) I--(x, y))).
This is an extension of the problem (B) in [2J, and we left (B) as
an open problem.

First we shall define some concepts. Let us extend the notion
of ’set theory’ in 2J to a set theory in the first order predicate
calculus, which consists of not only the predicate , logical symbols
and bound variables, but finitely or infinitely many individual con-
stants. If T is such a set theory which contains a0, a,.., as indivisual
constants, we call T a set theory with a0, a,-...

Let T be a set theory with ao, a,--- and Br be the class con-
sisting of all {x}l(x, a0, ai,’’’), where {x}I(x, a0, a,--.) consists only
of logical symbols, the predicate , bound variables and ao, a,...,
and it will be abbreviated as [x](x) if no confusion is to be feared.
T is called to be ’definite’, if it satisfies the following conditions:

1) T is complete.
2) If :!/xi(x) belongs to T, then there exists a formula x(x)

such that x(x), VxVy((x) (y) I-- x--y) and :!tx((x) A (x)) be-
long to T. Let {x}I(x) and {x}(x) belong to Br. We define ’{x}9.I(x)
belongs to the same class as {x](x) with respect to T’, if and only
if Vx(I(x)l--I(x))belongs to T. The class which contains [x}i(x)
is written ({x}I(x)) and [x][(x) is said to represent the class. A class
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([x}’I(x)) is said to be definite with respect to T, if x?I(x) and
VxVy(I(x) A I(y)I-- x--y) belong to T. A(T) is defined to be the set
of all the definite classes. Let ([x}?I(x)) and ([x}(x)) be two elements
of A(T). Then

({}()) (i}())
is defined to be

":xty((x) A (y) f x y) belongs to T".
We see easily that Proposition 1 of 2J can be extended as

follows:
Proposition. Let T be a definite set theory and b,.-., b. be

elements of A(T) and represented by {x}(x),..., {x}(x) respectively.
Then g(b,...,b) is satisfied in <A(T), if and only if

x... ((,)/... () (,..., ))
belongs to T.

Let a be a set in C, and let us consider the set theory with all
the elements of a, consisting of all the formulas which are true in
C. We denote it by To(a) and write B(a) in place of BTc(a).

A set b in C is said to be definable from ao,.",a, in C, if
there exists an element [x}l(x, a0,’--, a) of B({a0,..., a.]) such that
I(b, ao,.-., a) and VxVy(I(x, ao,. ", a) / ?I(y, ao,. ., a) I-- x-y) are
satisfied.

A set b is said to be definable within a, if b is definable from
elements of a. A set a is called to be definably closed, if a satisfies
the following conditions:
1) a is super-complete, i.e.

VxVy(xa A (yx ] yx) I-- ya)
is satisfied.
2) Any set definable within a belongs to a.

Let us show that for an arbitrary set a in C, there exists a
set ao in C which is definably closed and contains a as an element.
To define a0, we shall further define some concepts. Since <:C, e
is assumed to be regular, the rank r(x) can be defined for all sets
x in the following way:

r(0) is 0.
r(x) is the least ordinal number a such that Vy(yxI r(y)< a).

D(a) is defined as follows: a set b belongs to D(a), if and only if

r(b)<_r(c) holds for some c which is definable from a. Let D/(a)
mean D(D’(a)) and let ao be [_J D’(a). This ao posesses the required

property.
The use of rank may seem to be redundant in the construction

above, but it simplifies the proof.
To prove (.) we shall first show that Tc(ao) is definite. For

every element txI(x) of Tc(ao), consider the least ordinal number a
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such that

There exists a set b such that r(b)=ahI(b). Since a s definable
within a0, which is definably closed, a is an element of ao. This im-
plies that b is also an element of a0. Let {x}(x) be {x}(x=b). Then
x(x), VxVy((x) A (y) I-- x= y) and x(() A .I(x)) are satisfied.
Thus we see that Tc(ao) is definite.

From this consideration we see also that < a0, e0> is isomorphic
to <:. A(Tc(ao)), e cCao) :>. Hence, by analogous arguments as in
we can conclude (.) in which u and x correspond to a and ao respect-
ively.

Let R(a) be the set consisting of all x such that r()<a. An
ordinal number a is called to be an essentially inaccessible number,
if R(a) is definably closed and a is inaccessible. Though this con-
dition on a cannot be expressed in the first order predicate calculus
with the only predicate e, the following axiom of infinity seems to
be a very interesting hypothesis:
xa (xeR(a)A ’a s an essentially inaccessible number’),

whence follows, for example,
Vxa (x R(a) A ’a is an inaccessible number’ A Vz(!l(z) I 3(R(a), z)),
where .9I and . have the same meanings as in [2].
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