88 [Vol. 38,

20. A Remark on Mapping Spaces

By Mitsuru Tsubpa
Department of Mathematics, Tokyo University of Education
(Comm. by K. KUNUGI, M.J.A., March 12, 1962)

1. Let X and Y be topological spaces. We shall consider the
set of all continuous mappings of X into Y. This set is turned into
a topological space by the compact-open topology; this topology is
defined by selecting as a sub-basis for the open sets the family of
sets T(K, G), where K ranges over all the compact subsets of X and
G ranges over all the open subsets of ¥ and T(XK, G) denotes the
set of all continuous mappings f of X into Y such that f(K)CG.
As usual, we write Y ¥ for the mapping space thus obtained.

Now let X and Y be Hausdorff spaces, and let Z be a topological
space. Then, with any continuous mapping f of X XY into Z, there
is associated a mapping f* from Y to the mapping space Z* by the
formula

LF*(@)1(@)=f (2, v).
The correspondence f—f* defines a one-to-one mapping
0: ZXXY__)(ZX)Y.
K. Morita has shown in [2] that this mapping 6 is always a home-
omorphism into. But it is not necessarily a homeomorphism onto.
We shall consider Hausdorff spaces, for which the mapping 60 is a
homeomorphism onto for any locally compact Hausdorff space Y and
any topological space Z, and denote the class of such spaces by 6.

In [2], the following notion has been introduced. A Hausdorff
space X will be said to have the weak topology with respect to com-
pact sets tn the wider sense if a subset A of X such that A~K is
closed for every compact subset K of X is necessarily closed. We
shall denote by 28 the class of Hausdorff spaces having the weak
topology with respect to compact sets in the wider sense. It is
known that locally compact spaces and CW-complexes in the sense
of J.H.C. Whitehead belong to the class B. Moreover, it has been
shown in [2, Theorem 4] that BCO, but it is unknown to the author
whether =6 or not.

Now, let X be a topological space and {A,} a closed covering of
X. The space X is said to have the weak topology with respect to
{A.} in the wider semse if any subset of X whose intersection with
each A, is closed is necessarily closed. Then, the main result of this
note is stated as follows.

Theorem 1. Let X be a Hoausdorff space having the weak
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topology with respect to a closed covering {A.,} in the wider sense.
If each A, belongs to the class O, then X also belongs to the class 6.

As a corollary, we have the following.

Corollary 1. Let X be a Hausdorff space which is the inductive
limit space ([3]) of the sequence of spaces X'CX'CX*C-.-CcX"C---.
If each X™ belongs to the class O, then X belongs to the class 6.

As an application, we have the following theorem.

Theorem 2. Let (X,C) be a relative CW-complex in the sense
of G.W. Whitehead ([4]). If the subspace C belongs to the class 0,
then the space X belongs to the class 6.

This result is useful in the obstruction theory of relative CW-
complexes.

2. Proof of Theorems. Lemma 1. Let X be a topological space
having the weak topology with respect to a closed covering {A,} in
the wider sense. Then a mapping f of X into another topological
space Y is continuous if and only if f| A, is continuous for each A,.

Lemma 2. Let X be a topological space having the weak topo-
logy with respect to a closed covering {A,} im the wider sense. If
Y is a locally compact Hausdorff space, the product space XX Y has
the weak topology with respect to the closed covering {A, XY} in the
wider sense.

These lemmas have been proved in [1].

Now let g be any element of (Z%)¥, and A a closed subset of
X. We define a mapping g, from Y to the mapping space Z* by the
formula g.(y)=9(v)|A.

Lemma 3. g,¢(Z4)".

Proof. Let y be any point of Y. Let T'(K,G)={f|feZ4,
F(K)CG} be any open subset such that g,(y)eT'(K, G), where K is
a compact subset of A and G an open subset of Z. Since K is also
a compact subset of the space X, the open subset T(K,G) of Z*¥is
defined. Moreover [g(¥)](x)="[g.(¥)](x)e G for each xc K since KCA.
Thus T(K,G) is a neighborhood of g¢(y), and since ge(Z*)”, there
exists a neighborhood U of y such that g(U)CT(X,G). Then, for
each zeU, we have [g,(2)](2)=[g(?)](x)eG for every zc¢ K. Therefore,
9.(U)CT'(K, G), and lemma is established.

Proof of Theorem 1. According to [2, Theorem 1], the map-
ping 6 is a homeomorphism into for the space X.

We shall show that # is onto. Let g be any continuous map-
ping of Y into Z*. We define a mapping § from XXY to Z by
d(z, ¥)=[9(y)]1(x), where zeX,yeY. On the other hand, by Lemma
8, 94,6(Z*«)", and since A,cO by assumption, there is an element
J.€ Z4=*¥ gsuch that 6(9.)=g4,. But g.(z, ¥)=[g.,(»)]@)=[9(y)](») for
(x,y)eA,xY. Hence §,=g|A,xY and thus §|A4,xY is continuous
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for each «. Therefore § is continuous by Lemmas 1 and 2. Clearly
0(§)=g, and this proves that # is onto.

Our theorem is thus established.

Proof of Theorem 2. Let (X,C) be a relative CW-complex, and
{E?|aed,,n=0,1,2,---} its relative CW-decomposition. We put
X"=C"(mzno7, 7). At first, we show that X° belongs to the class 6.

For any element f of (Z*°)Y, we define a mapping F from X°XY

to Z by f(x,v)=[f(*)](y), where xeX® ycY. Then, as in the proof
of Theorm 1, f|CXY and f|EXY are continuous for each a. Since
X° has the weak topology with respect to the closed covering

{CY-{E|acJ,}, f is a continuous mapping by Lemmas 1 and 2. Clearly

6(f)=f. Hence ¢ is onto, and since # is a homeomorphism into by
[2, Theorem 1], we have X°e6.

We proceed by induction. Assume that X"~* belongs to the class
6. Since X" is the adjunction space obtained by adjoining {I%|acd,}
to the space X" !, X" has the weak topology with respect to the
closed covering {X" '~ E?|acd,} according to [3, Lemma 2]. Since
each E” is a compact subspace and hence belongs to the class 6,
each subspace X"~ E7 belongs to the class ®. Therefore X" belongs
to the class @ by Theorem 1.

Finally, since X is, as has been shown in [3, Lemma 3], the
inductive limit space of the sequence X'CX!'C...CX"C.--, and
each X" belongs to the class @, X belongs to the class @ by Corol-
lary 1. Thus, our theorem is established.

3. Notes on the class B. Theorem 3. Let X be a topological
space and A its closed subspace. If X belongs to the class B, then
A also belongs to the class B.

Proof. Let B be any subset of A such that B~K is closed for
every compact subset K of A. Let L be any compact subset of X.
Then A~L is a compact subset of A and hence BAL=(B~A)~L
=B~(A~L) is closed by assumption. Since X belongs to the class
B, B is closed, which proves the Theorem 3.

Remark 1. When X belongs to the class 0, it remains unknown
whether its any closed subspace A belongs to the class @ or not.
But, if any continuous mapping from A to Z has an extension over X,
A also belongs to the class . For instance, if X is a normal space,
or A is a retract of X, then A belongs to the class 6.

Theorem 4. Let X be a Hausdorff space having the weak topo-
logy with respect to a closed covering {A,} in the wider sense. Then
X belongs to the class B if and only if each subspace A, belongs to
the class B.

Proof. Suppose that each A, belongs to the class 8. Let A be
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any subset of X such that A~K is closed for every compact subset
K of X. Then, for any compact subset L of A,, we have (A~A4,)~L
=(A~L)~A,, which is closed since L is a compact subset of X.
As A, belongs to the class B, (A~A,) is closed. Hence 4 is a closed
subset of X by assumption, and thus X belongs to the class 8.

The “only if” part is obtained from Theorem 3.

Corollary 2. Let X be a Hausdorff space which is the inductive
limit space of a sequence of spaces X'CXCX:C...cX"C--- .
Then X belongs to the class B if and only if each space X" belongs
to the class B.

Theorem 5. Let X be a Hausdorff space which is the adjunc-
tton space obtained by adjoining {C.} to C by means of the conti-
nuous mappings {g9.: A, ~>C} ([8]). If C and each C, belong to the
class B, then X also belongs to the class B.

Proof. Let W=C~(%C,) be the disjoint union, and p: W—>X
the natural projection. Let A be any subset of X such that A~K
is closed for every compact subset K of X. Then, it is sufficient to
show that p='(A4) is a closed subset of W.

Let L be any compact subset of C,. Then

(»H(A)~C)~L=p (A ~L=p (A~p(L))~L,
and since p(L) is a compact subset of Z, A~p(L) is closed by assump-
tion. Hence (p~'(A)~C,)~L is closed. But C, belongs to the class
B, and so p~(4)~C, is a closed subset of C,. Similarly p~*(4)~C is
also a closed subset of C. Therefore p~'(4) is a closed subset of W
by definition, and Theorem 5 is established.

Remark 2. Let X be a space belonging to the class 8, and f
a continuous mapping from X onto a space Y. If we can prove that
Y also belongs to the class &, then Theorem 5 is obtained as a con-
sequence of Theorem 4 according to [3, Lemma 3]. But it seems
to be false in general that Y belongs to the class 8, and so we
proved Theorem 5 independently.

Theorem 6. Let (X,C) be a relative CW-complex. Then X be-
longs to the class B if and only if the subspace C belongs to the
class B.

The “if” part follows from Theorem 5 and Corollary 2 according
to [3, Lemma 3]. The “only if” part follows from Theorem 3.

Remark 3. In his recent paper “Homotopy Theory in General
Categories” (Math. Annalen, 144 (1961)), P.J. Huber has stated that
the following result is proved in the Mimeographed Note in 1960
by Eckmann and Huber:

If X is a Hausdorff %-space (J.L. Kelley, General Topology, p.
230) and 4, the Euclidean wn-simplex, then two spaces Map' (X, Map
(4,,Y)) and Map(d,, Map'(X,Y)) are identified, where Map(X,Y)
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means the mapping space Y* and Map'(X, Y) denotes the subspace
of Map(X, Y), consisting of the basepoint preserving mappings.
But K. Morita had already proved in 1956 a more general
theorem ([2, Theorem 6]):
If the product space X XY belongs to the class B, then 0 induces
a homeomorphism onto:
00: (Z, ZO)CXXY,XoXYVXXYo)__)((Z, ZO)(X,XQ)’ Z(;X)(Y,Yo)’
where X,CX, Y,CY and Z,CZ.
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