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101. On Boundary Value Problem for Parabolic Equations

By Reiko ARIMA
(Comm. by Kinjir6 KUNUGI, M.J.A., Sept. 12, 1964)

1. Introduction. Let us consider the parabolic equation

u-Au in (0, T)/2

A-- , a(t,x) 3 L----3 A

wih he zero initial daa and he ffeneral boundary daa
(2) Bu--f (j=l,...,b) on (O,T)S-- i b(t, ) O<=r<=’2b--1

Il=’,

of z is 1), where the roots are composed of all the roots z of p--Ao
(ri+zN; t,x)-O, having the positive imaginary part. Then let us
denote

Detailed proof will be published in a forthcoming paper.
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Bo(+zN; t, x)z- dzt,
Ao/(p, ], z; t, x) Ao+(p, V, Z; t,

R(p, ; t, x)=det.
Bo(+zN; t, X).dz. . Bo(+zN; t, x)z- dz
Ao+ (p, , z; t, x) :

where the integrals are taken along a closed curve in the complex-z
plane surrounding all the roots of Ao+--0.

Now we assume the following assumptions
i) Re A0(a; t, x)<O (6Rn, aO, re(o, T), x9),
ii) R(p,;t,x)#O (Rep0,eT, (p,)#O, te(O, T),xS).
Concerning the regularity of the coefficients of L and B and

that of f, we assume
iii) a(t, x)eC(t, x) (xeg) (>0),

b(t, x)eC+(t, x) (xeS),
iv) f(t, x)eC3"+(t, x) (xS),

where fl--a(2b--l--s--r) (a--1/2b, 0<s<y in case of max. r<2b--1,
z-- 0 in case of max. r-- 2b-- 1).

2. Functional spaces C, C, C.
1. C(t, x). f(t,.x) C(t, x) means

i) ](’(f(t, x)l<C,
ii) / / Ef(t, x+A)- f(t, x) CIAI

([--2b<2bko+] k][, =1/2b).
2. C(t, x). f(t, x) C(t, x) means
i) f(t, x) c(t, x),
ii) f(t, x)--O (t < 0).
a. C(t, x). f(t, x; , $) C(t-r, x-S) means

i) / f(t, x; , ) <C(t-r)-"(t+:o+) e

(2bko+]k[g [fl), where (t, x) c x/t q, a 1/2b
and q=2b/2b--1 (c is a positive constant).

ii) (’(Ef(t, x+; , )-- f(t, x; ,
3t / k x/

gCI ]-[(t--v)-<+)e-(-’
(2bko+li- [], It<(t-:)"),

k 3t / k 3x /
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iv) f($, ; r, $)=0 (< r).
LEMMA 1 Assume G(t, z; r, $)eC+_(t--r, x--S) (x,$eR, 0</</).
i) Let f(t, x) e C(t, z), then

dr G(t, x; , $)f(r, ) d$ C(t, x),

ii) Let f(t, x; o, $0)eC,(t--r0, X--$o), (x, $oeR’, ln+2b), then

dr G(t, x; , )f(r, ; o, $o)d$C,_(t--ro, X--$o).. Operator K. Let us consider the parabolic operato defined
on (0, T)S:

1 (,)(,).}
3t .(’) where g(x )--

(i,j=l,...,n--1)
((’)C-), =det() and ()=()-.

Then we have the fundamental solution P(t, x, $)(t > O, x, $ e S) with
the following properties.

i) P(t, x, )=P(t, $,

ii) t.P(t, x, )=0,

lim fiR(t, x, )f()dS,--f(x), (f: cont.)iii)
t+O

).

Using his, we ean define he fractional power of as follows.

where K(t, , )-- t- P(t, x, ),

Kf(t, x)=K+ff(t, x) (-- 1 0),
and recurrently for all real . I follows K--K_, KK--K+,
Ko=I. Moreover we can prove

Ln 2.
i) Le f(t,x)C,(t,x)(xS) (+2b>O, 1,2,-..),

ii) Le f(t,x;0,0)’(t--0,x--0)(x,0S)(+2b>O, 1,2,...),
if n-- 1+2b, Chen

(Kf)(t, x; o, o)eQ- (t-o, X-So)
Let us notice that if u satisfies the conditions

( 3 K_Bu--K_f (j= 1,..., b) on (0, T) S
and u e C3+’+(t, x)(xe 9)(> 0),
then u satisfies (2) also.
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4. Construction of solution. Define the following functions for

(a--(a’, an)--(a,..., an_ , an), Re p--1, $ V)"

l=2b

l=rj I_j -Ao/(p, a’, a; r, ) and R(p, a’; r, ) are defined in the same way as in 1,

namely, they are obtained by replacing A0, Bo by Ao, Bo respectively.

Rj(p, a’, ; r, $) are defined in the same way as R, namely, by replacing

B(a; r, ) by e. Define

y(p, a’ &; r, )-[p-- ()(ia’)] -’ Rp, a’, ; r, )
= R(p, a’; r, )

Then we put

(t, ’, ; , )-() ()
eR--I e =1

(xs U, $ V); Next we put

G(t, x; , )- ](x)G(t--r, ()--$(); r, )($), and

N(t, ; , )-G(t, ; , )- d Z(t, ; , )L.,G(, ; , ),
(t>, xet?, eS), where {(x)} is a partition of unity of SS, such
that the element (x) is infinitely differentiable, its support is contained

in U, and ]z(x)-I on S, and Z(t, x; r, ) is an elementary solution
of (1). Then {Ej} have the following properties well attached to our
problem (1)-(2).

LEMMA 3.

i) E(t, x; , ),+ --r, x--$) (t>r, [2, $S), and

ftd_fE,(t ; , )f(, e)dZ,C:’-’-’+"’(t, ) ()

for f(t,x)C:(t,x) (xsS)(’<6r).
ii) L,E(t, x; r, $)--0 (t>r, xeg,

iii) (K_,BE)(t, x; r, $)--E(t, x; r, $)--E(t, x; r, $)
(t > r, x e S, e S), where

a) f drf x; r, {f(’ x) (i:j)
0

for f(t, x)eCo(t, x) (xeS) (>0),
b) E(t, x; r, $)sC,r_+:_r(t-r, x-$) (xS, $sS) (r’

Finally we put

e(t, ; , )-(t, ; , )+, (t, ; , )(, ; , )
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(t > r, x e tg, e S), where
E(t, x; , ) --(E(t, x; r, )),

E+ ,(t, x; r, )-- ds E(t, x; s, y)E(s, y; r, )dS (j--I, 2,...),

and
(t, x; , )-E(t, x; , )+E.(t, x; r, )+. .,

where (t, x; r, $)e’:+_(t--r, x--S) (x, SeS) (7’<). Then we have
COROLLARY. i), ii) are same as in Lemma 3.

iii) (K_,B)(t, x; , )=E2(t, x; r, )+(t, x; , )
(t>r, xeS, eS), where

’ (t--r, x--) (’<7) and,(t, x; , ) C_+:,_
,(t, x; , ) ;oO.

Then we have
THEOREM 1. Under the assumptions i)-iv), we can find a solution

u of the problem (1)-(2), such that

u(t )dS,

and u(t,x)eC3--’+r’(t,x) (xeg) (’<).
Define the Green function G of (1)-(2) as follows.
G(t, x, )-Z(t, x, )--Z(t, x, ), where
Z(t, x, )--Z(t, x; O, ) and

Zc(t,

Then we have
THEORE 2. (]k[2b--1, te(0, T), x,
i) (in case of max. ry<2b--1)

ii) (i ease of max. --2b-- 1)
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*) is defined by (t, x)=cIx/t"]q.


