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14. A Remark on the Uniqueness of the Non-
characteristic Cauchy Problem for Equations
of Parabolic Type

By Akira TsuTsuMI
University of Osaka Prefecture
(Comm. by Kinjiré KUNUGI, M.J.A., Jan. 12, 1965)

1. We shall consider the Cauchy problem of the equations written
in the following form in [—7T, T]x D, where D is the closure of a
domain with smooth boundary 8D, in »+ 1-dimensional euclidean space
R} xR}
o pitl
(1) Pu=(T =% St e D) u, 9)=0,

ot™ =0 j+mimmism

with the null initial data;
2 ——qu—O zeD, v=0,1, ---, m—1,
(2) 20, @)
the notations contained in the above mean
m integer’ (t’ x):(tr Byy 02y xn)
m=(m,, +-+, m,) m; positive integers,

a=(ay, +++, a,) &; non-negative integers and |a:m|= i‘, %

On this problem H. Kumanogo [1] and the author [2] obtained
some results by the method of Carleman. But the both do not give
any answer for the validity of the uniqueness in a neighborhood of
the point where all a; (¢, ) vanish. On the other hand by eleving
the regularity with respect to « and restricting the growth of derivatives
of a;,4(t, ), De Giorgi [3] obtained the uniqueness for (1) (2) in the
case of two independent variables. We shall obtain an answer for
the above question by extending De Giorgi’s result for n+1 independent
variables. The method is essentially the same as him. Recently
G. Talenti [4] proved the uniqueness and existence for (1) with a
special right hand side by extending M. Pucci’s result [5] for two
independent variables. His uniqueness theorem is for solutions in some
Gevrey class and ours for genuine solutions. Y. Gya [6] proved the
existence and uniqueness of the Cauchy problem for the weakly
hyperbolic equations which contain (1) as a special case and he assumes
that a; 4(t, ) are in some Gevery class with respect to both ¢ and «,
but with respect to ¢ we only assume they are continuous.

2. Theorem. We assume

1) There exist positive constants A;, and p such that
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o'l
ox’
holds for any multi-integer s and (¢, x) in [—T, T] x D>

O s x)| < A, 0 (m |3 m|+1)

2)  u(t, ) has its continuous dertvatives gtf u(t, x) for ———l—

|B:m|<L1, and satisfies (1), (2).
3) m>m; for all j=1,2, -+, n
Then u(t, 2) vanishes in [—T, T]xD.
Proof. For a positive ¢, 0<e<1 fixed, we choose a positive o so

small that 31 1 A, .0 (ﬂ>m”"<1—e holds.

J=0 j+m|e:n|<m

We change the time variable; t'=0(T— t) and we set

w(t, w):u(T _— x)

o
and .
@5 olt), D)= (=0 0T, 2).
We use again the letter ¢ instead of the letter ¢. Then we can write
(1), (2) in the next;
m m—1

3) Pu=(T % 5 a.tn ) u )

ot™ IS0 jtmlwmtism otiox®

(4)

2)=0, t,=oT, v=0,1,2, -+, m—1.
Setting (¢, x)-——i;—-w(t, x), we have

w(t, ©)= S (E" T)l)' v(z, x)dr for 0<Lt<Lt,.
Then (3), (4) are transformed into the following differential-integral
equation;

(5) v(t, ©)—ho(t, )=0,
h= Py |
al | (t_z-)m—j—l
Doi= e n%m_ a;,a(t, x) Sto (m—j 1! v(t, x)dr.

A function g satisfies
(6) {g is in CO3) ([—T, T1xD)® and

|8
for any s, —g—g (t, ) vanish at 6D.”
xa

1) This condition means that aj,a(t, ) belongs Gevrey Class of

(ﬂﬂ_ ﬂ)
ml’mz’ ’m»'

2) CoX[—T, T1XD] is the set of functions which are continuous in ¢, and
infinitely differentiable in « for (t,x) in [T, T]XD.
8) oD is the boundary of D.
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Using such a g(t, ), we can calculate the adjoint operator g— Hg of
v—hv;
to m—1 to
S S gv—hv)dtde=gv— > M g S aj o(t, )
DJo DJO

i=0 mio:M|<m—j

5 t (to_z.)m—j_l
% ox” [Sto (m_ﬂ—l)! IU(T’ x)dt] g(t; x)dtdx

S T AR [ = e

20 miitizm—g o L)sy (m—7—1)!

X o {a},«(t, x)-g(t, x)} dtdx.
ox®

and using the properties

am__.j t t— m—j—1 an
a;',w(t’ x) g(t’ ﬂ’}): atm—j SO ((m—z-}—l)' ox®

{a},q(z, @) 9(z, 2)}d7,

and

i WG el LW ].-
[at"b SO (m'—j—‘l)! axw {aij(z-’ w) g(ry x)} dT t=o_0

for 0<pu<m—3—1,
we continue the above

m—1

== 3 5 (=pere | [, 0%

=0 mla:Nt|<m—j

t(E—)m T 9, .
X[So (m_j__]_)! ox® {a’i'“(fr x) g(T; 95)} df] dtdm,

m—1

(7) g—Hg=g— Jgo H,_i9
t m—g—1
H, 9= _ J’+lwl+ms (t_T)
i9 mlw:“%sm—a‘( 1) 0 (m——j——l)! x
% O (@ oz, ®)-g(z, @)} de.
ox”
These mean the equality
(8) S S’“g(v—f;v)dtdw:S S”’v(g—ﬂg) dide.
DJt DJt
Now we shall show that for any (¢, ) satisfying

(9) ¥(t, z) € CQF([—1y, 1] X D),
_g%w, w)‘ <Ko"T'(m|s:m|+1)

for any s,

i [ 25 v0,0], 0

there exists a function g(¢, x) satisfying (6) such that

10) g—Hg=+

holds. The method to solve (10) is due to C. Pucci, De Giorgi and
G. Talenti.? By a calculate of Gamma function we can obtain

4) See references.
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Lemma 1. If aj.(t, ) and f(¢, ) in C$3([—t,, t,] x D) satisfy
\6' ) o2, w),SA, O | 8 m | +1)

la 1, x)lSLp‘”['(mls m|+1+1)
then
<A Lo™

o'
o (@halt, )1, “>}| I+1

p"'l‘(m]s m|+1+2)

holds.
Lemma 2. For +(t, x) satisfying (9)

'l ' ’
l ox* By

éK( A,-,w‘“')i—— P (m |5 s m |+ m—j+2)

ml@: i <m—j (m—3)!
holds.

This is proved as follow; Taking a term in H,_;vy, we can estimate
it by using Lemma 1,

{2 ) ae]

<A, 0" p K (m | o : m |+2)| S

12 (t_,z.)m——j—l
0 (m—j—1)! dfl

m— (-3 tm—_j 1 _—N m—q— ~
= A0 KT (m | m[+2) o E7 Ho(l §yn-s lds].

Summing up with respect toa; m|a:m Ism—g, and replacing a} .y
l8]

for %(a;,w¢), the lemma is obtained. Repeating these processes of
x&

getting Lemma 2 and we can get
Lemma 3. Under the same condition of Lemma 2 and for
jw 0<jz£m_19 ?::]w 29 M) k
al |
( m—Jy m-—ag cee Hm—jk"l’\)
1 tm—j1+"°+'m—jk

kL (m—gitm—gyt e Hm—4,)!
XI(m—gy+-++m—g+k+m|s:m|+1)

holds, where A;, denotes S Al

mle:nt|Sm—j;

<KA; -+ A

= jl

Using the inequality I'(u+v+1)= I (ut(ll)l“ S)’f D for any =0,

v=0 and any fixed ¢; 0<e<1, we can further estimate

9'®! i olel /m=1 ‘< ‘ ] L m—j
ox® H o 6%‘ <2 H ~i K =0 mla: t%Sm—J J,wp <8>

1e) [(1_e)mu:m|]“ I'(m|s:m|+k+1).
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For a=0,|z|<1, the power series $ Latktl) .

converges.
= &l g

+oo lal , ;
Therefore kz‘, ZTH k4 converges absolutely uniformly on [ —¢,, ¢,] X D,
=0 8

if & is choson A;, o (fﬂ>m_j< 1. Thus
1-¢\e

11) g= :ﬁ H*qp is the required one.
=0

As the left hand side of (8) is vanish, if we proved that (10) is solved
for any continuous funection ++ on [ —1,, {,] X D satisfying [¥(t, ®)]seon=
0, v is vanish on [—#¢, t,] xD. By the condition (2) and (4), the
solution w of (1), (2) vanishes there. Therefore to finish the proof
of Theorem, only the next Lemma must be proved.

Lemma 4. The linear hull of the functions satisfying (9) is dense
in the set of continuous functions on [ —t,, t,] X D with respect to the
topology of uniform convergence.

Proof of Lemma. Let be D,={xec D; distance (z, D°)®=¢}. ¢,
is defined in the following,

- {1 xe D,
%®)=10 xe D¢ and 0<¢,<1 and in C=(D).
For (¢, ) satisfying (9), we set ye(t, ) =¢,(®) -y (¢, ). Then (¢, x)
converges uniformly to (¢, ) on [—t, t,] X D. J,(x) is defined as
follow,
e 2>0
Ja(“)“{o 2<0

which is in Cy(R") and satisfies

‘?;ZT Ja(x)‘ gMﬁ‘F((H— 1

@
Using this, J,,(x) is defined as follows:
Jom(@)=C f[ J.(+x;) J,(—x;) and the constant C is determined
=1
as nJa,,,(w)dszl. Then the convolution (¥ J, . )(x) satisfies
R

0 )@ sMper(|s) (141

>s+1> for some M, p.

)+1) for €>7>0.

For one b; 1<b< min —m~, if we choose the above a to satisfy b>
1<isn My

1+7];, (Yrexd, ) (x) satisfies (9) and converges to (¢, ) uniformly on

[—t, t, XD as e and 7 tending to zero keeping €>7. This proves
Lemma. These processes prove Theorem.

5) De is the complement of D.
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