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1. Let Sla, be a given infinite series with the sequence of
partial sums {s,}. Let {p,} be a sequence of constants, real or complex,
and let us write

P,=pytp,+p+ <+« +p0; Pi=p_,=0.

The sequence to sequence transformation

12 1
1.1) ba= 2 PusSy=—— 2 B8y (P, #0)
P, = P, =

defines the sequence {t,} of Norlund mean [3] of the sequence {s,},
generated by the sequence of coefficient {p,}. The series Sla, is
said to be absolutely Norlund summable, or summable | N, p, |, if the
sequence {t,} is of bounded variation, that is, the series > |¢,—¢,, |
is convergent [2]. In the special case in which

1

1.2 ™ Ty
(1.2) P n+1

and therefore

P,~logn, as n—oo,
the Norlund mean reduces to the familiar harmonic mean [5]. Thus
summability | N, p,|, where p, is defined as in (1.2), is the same as

1l
n+1l’
Let f(t) be a periodic function with period 27 and integrable (L)

over (—m, ). Without any loss of generality the constant term in
the Fourier series can be taken to be zero, that is,

S_ FE)dt=0

summability l N,

and
F(®)~ 3 (@, cos t+b, sin nd)
= }‘:j A(t).
We write

¢(t)=%{f(x+t)+f(w—t)},

1
#(=1 §0¢(u)du.
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2. Varshney [7] has considered the following theorem to study
the absolute harmonic summability of the factored Fourier series.
He proved:

THEOREM A. If ¢(t) is of bounded variation in (0, ), then the
series > A,(t)/log (n+1) is absolutely harmonic summable.

Generalising the above theorem of Vershney Singh [6] has recently
established the following theorem under Jordan’s criterion of con-
vergence of the Fourier series.

THEOREM B. If ¢(t) is of bounded variation in (0, 7), then the
series

5t DP 4 1)
is summable | N, p, |, at t=2«, where the sequence {p,} is real non-
negative and non-increasing such that

(1) {M} is a sequence of bounded variation and
Dn

(ii) the sequence {p,—®,..} is non-increasing.

The object of the present paper is to study the Norlund summa-
bility of the factored Fourier series under de la Vallée Poussin
criterion of convergence of the Fourier series, which is known to be
less stringent than Jordan’s criterion of convergence. In what follows
we establish the following:

THEOREM 1. If ¢,(t) is of bounded variation in (0, ), then the
series

> Ete 4 0,
"
where {\,} s a convex sequence such that >)n~\, is convergent, is
absolutely Norlund summable, or summable | N, p,|, where {p,} is
non-negative, non-increasing such that {p,— ...} s non-increasing.

It may be remarked that the above Theorem 1 generalises the
following theorems of Lal [1] and Prasad and Bhatt [4] respectively.

THEOREM C. If ¢,(¢) is of bounded variation in (0, 7), then the
series

= _loi(%;f_l_)_&»_ A,

where {\,} is a convex sequence such that >)n~*\, is convergent, is
absolutely harmonic summable.

THEOREM D. If {)\,} is a convex sequence such that >1n™\, is
convergent, and ¢,(t) is of bounded variation in (0, 7), then the series
STnALWR), at t=w, is summable |C, 1.

In order to prove Theorem 1 we establish the following theorem
for factored infinite series:
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THEOREM 2. If
B, E va,=0(n),

then the series >\ P,\,a,/n, where {\,} s a convexr sequence such
that >3 n~*\, 1s convergent, is absolutely Norlund summable, or
summable | N, p, |, where {p,} is non-negative, non-increasing such
that {p,— P, 18 mon-increasing.

3. Werequire the following lemma for the proof of our Theorem:

Lemma 1. If ¢,(t) is of bounded wvariation in (0, 7), then
L Svvam=ow),
n v=1

as n—oo,

This lemma is a particular case of a lemma due to Prasad and
Bhatt [4].

PrOOF OF THEOREM 2. Since from (1.1)

b=y P,

v=0

where

we have

s (PP )
t*n tn—l_vg_o < Pn P,,,_l u»—v

P v yi/n, n—y
PP“;( "Dy — Py, )u.

P Pn ) g (Po®p—tom1— P s D) Ut 11

1 = P, 0
— P9, _t1—D,) 118t
P S Pupusa—pa) T

=t ) 2 W/
P —pP E+1VE+1%+1
+ gpn( n—k 1) k+1

P, Pn_l
= 21 + Ez ’
say.
By Abel’s transformation

n—1
= P S (Bucsa— m)%(m 1)1
n—1 k=0

= — ) Prraden
-2 kgod{(p,,_k_l p)Beea} 51t v,

t oo B} S va,
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nt P
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Pn ) g | Do Dtz | TRl
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O - N k+1 k+1]
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Py AN
O o n k+1 k+1]
0| 5 B (ram—p) Fepthen

1 2 P, A
O — k+1/VE+1 'n
+0| - S ) T |+ n]

1 =3 Ic—l_p ez ’ Pk+1>"lc+1]
R A |
n—2

+0[P mp) P o
N ]
n

Doz — Pn < B+ 1) (D1 — D)
<+ 1)(Ppt—s— Prto—s)

v

—O[M,]+O0[M,]+ 0[

say, since

(E+1)py 1 < Py

n=2 n=2 P,n E (p”— k=27 pn—k—-1) b1

s Ly 1
— P _VE+1
g k+1 ”; (pn— k—2 pn—k——l) P,n_,l

e by 1
<0@1 P ket
<0@) > il Pl

=0(1) 33 742 =0(0).

Again
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S =3 b Prnidhisy
Sm-54 Hew-) P
o n—2
<35 5 PP Pendhss
=2P +14Ng 4 E (pn——k 1~ Dai) Pl
k=0 n—1

<0(1) 31 Pyiydisy
i=0 P

k+1

=0(1)§0 M =0(D),
and by hypothesis
1M —0().
n

Now, by Abel’s transformation

Si=le S (PP Dt (p 1y,

P” P, i (k+1)?
— P 1 Vet
P P B 2 A{(P Pn—k—1) (k-l-l)z } E (ﬂ—}— l)a/-eﬂ

S5 2 1{(1:' —py Ll }2(#+1)au+1

=9+ 1§<Pn-k-1 Posi Bt 5,0
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_O[ P P,, . ”2:”" bt PZT{“]

+0 5 P, PSR p"Tﬁ”’ii]

+ol 5 E(P —P, ) Penban |

o gy, S Gy T

= 2% P,, 1 Z Puctes P'Eff {“]

—O[NJ+O[N,]+ 0[#],
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say, since
P,—P, . <(k+1)p, . <(k+1)Dyi
and
(kF+1)p41 < Py, «
We have
S P A PN
SINI=F 5l So. . Paden
= )"k +1 b pn
; Py, * 1l n_EH pn——k—l“"—P”Pn_l
A 1
1 P 1 L
O( )E T+1 k+1 Pk+1
=0(1),
S = P Sp_p ) Pendhn
SINI= 55l S PP P
Sg # % Do Prsa Nty
=S Py S Doy
k=0 - Pn n—1
<O(1) 3 Pussdhiss
k=0 Pk+1

=0(1) 3 A =0(1),
and by hypothesis

Hence we establish that

2 | tn_tn-«l |< ©,
which proves the Theorem.

Finally, the author takes this opportunity of expressing his
warmest thanks to Professor B. N. Prasad, for his valuable guidance
and suggestions during the preparation of this paper.
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