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1. Introduction. We denote by B(2) a Blaschke product in
the unit circle:

B@)= 11 bz, a)= 1 {L+0(z, 0.},

where b(z, a)=a/| a|-(a—2)/(1—a&z), 0<] a, | <1, S= 2(1—|a )<+ oo,
For the sake of convenience, we make here a list of notatlons which
are used often in the sequel:

[1] d(z,a)=(1—|al)/(az—1).

(2] ez, a)=(1—|al)/|a|+1/al-d(z, a).

[3] bz, a)=1/a|-(1+d(z, a))

=1+c¢(z, a).
(4] 0,=argb,a,), |0,|=m.
[56] r=|dQ1,a,)|=1—]a,[)/|1—a,]
R,=1—|a, /1 —a,|.

[6] ¢,=argd(,a,)=argb,, where a,=1+bd,, 7/2<|¢,|=T.

The object of this note is to establish some new theorems on
boundary convergence of B(z). Our main theorems read as follows:

Theorem 1.

(1.1) iR,,<+oo, if and only if the following conditions hold
n=1

simultaneously:
+o0

(1) S0,]<+e,

(2) lim R,=0.

n—+oo

(1.2)

Remark 1. (1) By the inequalities:
Jea)|=(1—la. )/ e |=R,-(1+1] @, =] e, a.) |+ A —]an )/ @]
E[c(l a,) | <+ o is equivalent to Z‘,R <+oo ([4] p. 67).

(2) In connection with Theorem 1, the following theorem due
to O. Frostman ([2] p. 2) is very interesting; The mnecessary and
sufficient condition that B(z) and all its partial products have the

~+ oo
radial limit of modulus one at z=1 s that S R,<+ .
n=1
Theorem 2 and 3 give the necessary and sufficient conditions for
+o0
Se(d, a,) to be convergent,
n=1
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Theorem 2, ic(l, a,) ts convergent, vf and only if the fol-
n=1
lowing conditions hold simultaneously:
too
(1) SI(R)y<+o
(1.8) w2
(2) >YR,9, is convergent, where
n=1

(1.4) ) 0,=sgn [sin (¢,)].
Theorem 3. ﬁc(l, a,) 18 convergent, if and only if the fol-
lowing conditions hold stmultaneously:
.|_°°
(1) X20.<+eo
1.5) "
(2) >0, ts convergent.
n=1
Remark 2, If i‘:c(l, a,) is convergent, then B(1)= +l:ofb(l, a,)

is convergent, because ﬁ:b(l, a,) =exp {i §0n} is convergent by
(L.5) (2). " i

Theorem 4 is of Abelian type.

Theorem 4. Suppose that §c(1, a,) 18 convergent. Then
lim B(r)=B(1),* if and only if "

(1.6) lim S, a,)= Ste(l, a,).
r—1—0 n=1 n=1

2. Theorem 1. We begin with the following inequalities:
@.1) (1) |0,|<mR, for |0, |=m/2.
(2) 10,|>cosd-R, for n/2<]¢,|=T/24+0<T.
Indeed, since b(1, @,)=1/|a, |[(1+d(1, a,)), we have easily
0,=arg {1+d(1, a,)}, |a,|=[1+d(1,a,)],
so that, taking account of d(1, a,)=r,-exp (i¢,), by sine rule

(2.2) sin 0,/r,=sin ¢,/| @, |=sin (¢,—0,)/1.
Since 2/z+|0,|<|sind,| for |0,|=7/2, by (2.2) 2|4, |/mr, =1, i.e.
(2.3) |, |<nR, for |0, |<m/2.

By (2.2) |0, |/r=sin (x/2+0)/| @, |=cos 0:1/|a,| for w/2<]|op,|=m/2+
o<, so that
(2.4) |8,|>cosd-R, for w/2<]| ¢, |ST/2+0<T.
By (2.3) and (2.4), (2.1) is completely established.

Suppose that (1.1) holds good. Then we have evidently lim R,=0,
i.e. lim 7,—0, so that by (2.2) lim #,=0. Hence there exists N

such that |0, |<x/2 for n=N. By (2.1)1)
oo + oo
S 0,1<m 3 R, <+ oo,
n=N n=N

*) By Remark 2, B(1) exists.
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Therefore (1.2) (1) and (2) follow from (1.1).
Next suppose that (1.2) (1) and (2) hold good. We divide the
unit disk into the following three parts:
4,=(z; |z|<1, |z2—1|=p) (0<p<Y)
4,=(7; |2|<1, [2—1|<p, |arg (—1) |=0<7/2) (2 cos =),
4y=(2; |2]<1, [2—1[<p, |arg (z—1)[>0).
Then, by (2.1) (2)

(2.5) % R,<seco- % |0, ]|<+ oo,
@y €43 @y €43
where 0=7/2—60. We have evidently
(2.6) S R,=1/p- > (1—|a,N<S/o<+ .

en €41 ap €4y

By the assumptions: lim R,=0, 2=1 is not the limit point of {a,}

—

contained in 4,. Hence possible limit points of {a,} contained in 4,
are the intersection points of |z|=1 and |z2—1|=p so that, denoting
by p* a sufficiently small positive constant, we have

(2.7 > R,<1/p*- z‘, (1—|a,|)<S/o*< +co.

ap €4y
By (2.5), (2.6), and (2.7), Z‘, R,,< +co., Thus (1.1) follows from (1.2)
(1) and (2). "

Since b(r, @,) maps the segment: 0=7r=1 onto the circular arc
of the circle passing through two points |a,| and 1/|a,| and orthogonal
to |2 l—l |arg (b(r, @,))| is non-decreasing functlon of » for 0=r=<1.
Hence Z‘, |0,]<4 o is equivalent to lim E |arg b(r, a,) | <+ o, sO
that, by Theorem 1 we get e

Corollary 1. (C. Tanaka [4] pp. 68-69) SIR,< + oo, if and
n=1
only if the following two conditions hold simultaneously:

(1) lim 33|arg b(r, a,) |< + oo
r—1—0 n=1
(2) lim R,=O0.

N—-|00

As another apphcatlon of Theorem 1, we obtaln
Corollary 2. If Z‘,R + oo, then lim 2 larg b(r, a,)|=+ .

r—1—0 n=

Proof. By Theorem 1 the following two alternatlves are possible:

(1) lim R,>0
(2.8) e oo
(2) lim R,=0, and 3}|6,|=+ .
n=1

n—+oo
R “+ oo
In case (2.8) (1), by (2.2) lim |6,|>0, so that >'|6,|=+ . Thus, in
n—r+oo n=1
4 oo
any case we have >)|0,|=+ . Since |argb(r,a,)| is non-decreasing
n=1

+oo

function of » for 0=r=1, we have easily lim > |arg b(r, a,)|=+ o,
r—1—0 n=1

which proves Corollary 2.
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If X(a,)=0, then arg b(r, a,)=0 for 0<r=<1. Hence, by Corol-
lary 2 we get. .
Corollary 3. (G.T. Cargo [1] p.5) If JIR,=+ c and X(a,)=0
(n=1,2,-++), then arg {B(r)} tends monotonoﬁélly to + as r—1—0,
3, Theorem 2-4. Proof of Theorem 2. Since
c1,a,)=1—a,|)/|a,|+1/|a,]| r, exp (ip,),

-+ 00
the convergence of E ¢(1, a,) is equivalent to the convergence of
Z‘.m/la |+cos ¢, +1% ETn/Ia |+sin @,.
By (2.2), we have easily

(3.1) —cos ¢, =1/2{|1—a, |+7.}
so that

+oo oo +o0
= Sirla, |-cos g =12{ 317/l 0y |+ 2 (A=l @ DL+ @, ).
40
Hence the convergence of >)7,/|a,|-cos ¢, is equivalent to the con-
n=1

vergence of iri.
Defining 9, as in (1.4), by (3.1) we get easily
7./l @y |19, —sin o, |=7,/| @, |-cos® ¢,/(1+|sin ¢, |)
={ri+2ri-[1-a,|+(1—]a,[)|1—a,[}1/4|a,[-(1+]sin ¢, [))
for T2<p, | <. Smce 1/2<1/1+|sing, ) <1 for n/2<]¢,|<m,
z‘,'r2<+oo means Zrn/m |-]0, —sin g, |+ <<, so that under the

assumptions: Z‘, 1r2< + oo, the convergence of § 7./ a, | sin ¢, is equi-
n=1 n=1
valent to the convergence of 3)0,7./|a, |.
n==1

400
Thus we have proved that the convergence of >)¢(1, a,) is
n=1
equivalent to the convergence of the following two series;

+oo
(1) 3in,
(2) ol
Since 27‘” ER2 (1+|a,[)’

+ o0
E o, a, | =2 E 0B+ S1(A—la.)-0.R./ @ |,

the convergence of (3.2) (1)-(2) is equivalent to (1.3) (1)-(2).
Proof of Theorem 3. By (2.2), we get easily
cos 0,=(1+|a, —r)/2]|a,l,

(3.2)

so that
(3.3) ri/4|a,|—sin* (0,/2)=1/4]a,|-1—|a,|)"

oo 400
By (3.3), +E 7% is equivalent to >10%<+o. Since sind,—0,=
a=1 n=1
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+o00
03/31+0(6%), the convergence of >4, is equivalent to the con-
n=1
+oo --c0
vergence of >)sin@,, provided that >} 0i<+ . By (2.2), sinf,=
n=1 n=1
+o0 +oo
r,/|a,|-sing,. Hence, under the assumptions: >} 62 < +co, S17,/|a,|-
n=1 n=1

sin ¢, and Z‘, 0, are equiconvergent.
By What is proved in the proof of Theorem 2, the convergence
of Ec(l @,) is equivalent to the convergence of two series: Zr

and Zr"/[ @, |+sin¢,. Thus Theorem 3 is completely established.

Proof of Theorem 4. By the inequality:
[1—a&,r|=r|a,—1]| for 0<r=1,
|d(r, a,) |=1—|a,D/|Tr—1|=r,/r2r, for 1/2=r=<1.

Therefore,
(3.4) le(r, @) '=1/|a, " {1—]a,[)+]d(r, a,) [}

<1|a, F{1—-|a, )*+4r,1—]a,[)+4r}
for 1/2=r=1.

Let us put

(3.5) log b(r, a,)—c(r, a,)=log {L+c(r, a,)}—c(r, a,)
=e(r, a,)-c¥(r, a,).
If lim »,=0, then by (3.4) and (3.5)

n~»-o0

(3.6) lim e(r, a,)=—1/2 uniformly for 1/2=r=<1.

n—-+oo

Suppose now that Zc(l a,) is convergent. Then by Theorem 2,

(3.4) and (8.6), Ee(r a,)-¢(r, a,) is absolutely and uniformly con-
vergent for 1/2<r<1 Hence

lim 26(?‘ @,)- ¢, a,)= 26(1 a,)+ (L, a,),

r=—1—0 n=1

so that, by (3.5)
(3.7 lim {log B(r)— S e(r, a,)}
=log B()— >le(l, ,).
By (3.7) hm B(r)=BQ@), if and only if lim Z‘c('r, a,)= Ec(l a,),

r—~>1—0 n=1

which is to be proved.

As its application, we obtain

Corollary 4. (C. Tanaka [3] p. 410, [4] p. 70) If B(z) is abso-
lutely convergent at z=1, then li{n0 B(r)=B(@1).

Foo o
Proof. Since 31 el a,)|<+co, by Remark 1(1), IR, < + oo,
n= n=1
i.e. Jﬁ'r,,<+oo. Similarly as in (3.4), we have
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le(r, a,) |<1/|a, [ {1—]a,)+2r,}  for 1/2=r=1,

400
so that >le(r, a,) is absolutely and uniformly convergent for 1/2=<
n=1

r=1. Hence lim § e(r, a,)= Jﬁ ¢(1, a,). Thus, by Theorem 4, Corol-

r—1—0 n=1

lary 4 is proved.
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