10 [Vol. 42,

3. A Remark on a Periodic Boundary Problem
of Parabolic Type

By Takaéi KUsANO
Chuo University, Tokyo
(Comm, by Kinjir6 KUNUGI, M.J.A., Jan, 12, 1966)

Let Q={(¢, ): —co<t<+ o0, 2=(24, ++-, ,) € 2} and 0Q ={(t, x):
—oo Lt + oo, x€0Q}, where 2 is a bounded domain in euclidean
n-space E" with boundary 02. Let there be given the system of
semilinear parabolic equations
(1) -Ci(ui):fi(t’ T, Uy, "'suN) in Q (’i’:l’ ""N)
and the boundary condition

(2) u;=¢(t, ) on 0Q (t=1, .-+, N),
where
0 o9 ) no 9
=2 = 1D it @)+ SIBiE, @)
£ ot p%il ax,,“”( x)ax,,+ Z}lb,,( x)ax,,

and the functions ai, bi, f;, and ¢; (p, ¢=1, ---, n; 4=1, --., N) are
periodic in ¢ with period T(T'>0). In the present note we shall be
concerned with the problem of finding a solution, periodic in ¢ with
period T, to the boundary problem (1), (2) which will be called the
first periodic boundary problem of parabolic type.

We introduce the following assumptions:*’

I. There is a positive constant 2 snch that, for any real vector
¢ and for all (¢, 2)e @,

1 a(, ME4ZIZEG (=1, e, N,
II. ai,eC**(Q) and bicCxQ) O<a<l) (p,q=1,---,m;
i=1,.--, N).

II1. The functions f(¢, =, 2, +--,2y) (4=1, ..., N) are defined
in @:_{(t’ Ly Ry o0,y zN): (ty .’E)G Qy — 00 L2 o0, k:]-, R} N}’ are
in C%(Q) for each fixed (z,, - -, 2y), and satisfy the Lipschitz condition
lfi(t’ Ly Zyy o0, zN)'—fi(t’ xr, Ely °0y _Z-N) l §li§ Izp—‘.z_zi I (7’:1s ctty N)-
Moreover, the system {f;} is quasi-monotone increasing in 2z, -+, 2y;
that is, for each ¢ and for 2,<%, (k=1, ..., N), 2;=%;, the inequality

fi(t’ Ly Ry o0e, zN)éfz(t’ x, Ely M) EN)
holds.
IV. Qe A ¢,e C**(0Q). B
V. There exist functions w(¢,2), @, 2) (@;=@;) in C*Q)

*) For the definitions of Cr*+2(Q) (r=0,1, 2), C>t2(3Q), and A2+« see [2], [6].
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which are periodic in ¢ with period T and satisfy the following
inequalities:
Lw)=ft, ¢, o, -+, @y) in Q,
(3) I,(E,)gfz(t, x, @y, "'yaN) in Q’
Qi(ty x)éspt(t’ r)sw(t, x) on 0Q (’I::]-’ ) N)'
Theorem. Under Assumptions 1—V there exists a solution,
periodic in t with period T, to the periodic boundary problem
1), (2).
Proof. We proceed by arguments used in our previous papers
[3, 4]. (See also Brzychezy [1]). Let us construct the sequence
of systems of functions {v{™(¢, 2)} (¢+=1, -++,N), m=0,1,2 «--,
by determining successively the solutions, periodic in ¢ with period
T, of the following linear parabolic equations
(4) Aoy = Lvi™)+ L™ =f""¢, ¢) in Q
satisfying the boundary condition (2), where we have set
fi(mhl)(ty m)Efm(t’ €, VP, e, v.(l:'n—l))—l_liv‘(im_—”
’v'(im(t’ x)Eai(ty IL') (7'219 M} N; m:]-’ 29 °e ')'
The existence and the uniqueness of such solutions v{™ follow from
the theorems of Fife [2] and Shmulev [6].
It can be proved that the inequalities
( 5 ) Qi(t’ w)évim)(ty x)§v£m~1)(t7 x)éat(t9 x) (7’:1’ M) N)
hold in @ for all m=1,2, ---. Indeed, noting that
A(@;—v")=0 in Q and @;—v’=0 on 0Q (<=1, .++, N)
and applying the maximum principle [4], we get
vt 2)<D(t, ©) in Q (¢=1, .-+, N).
We observe that
Ai(v'(il)_ﬂi)g [fz(ty X, Ely ey Wy ey a1\7)_.)(‘1'(t’ Ly Wiy * 0, QN)]
(6) +|:f'»(t9 x, al, "':EN)""fi(t’ x, ab e, @y, ""EN)
+l(@;—w;)] in Q,
P —w;=0 on 0Q (¢=1, .-+, N).
Since the right-hand side of (6) is non-negative by virtue of the quasi-
monotony and the Lipschitz continuity of f; and in view of (3), it
follows from the maximum principle that
.Q)_i(ty x)é’vél)(ty (17) in Q (’i:]_’ Y N)'
The proof of (5) for general m is similar. Thus, the sequence {v{™'}
is uniformly bounded and monotone non-increasing for each 7.
Applying the theorem of Ladyzhenskaia-Ural’tseva [5] to (4),
(2), we find that v{™ e C*Q) for some B(0<B<1) and that
| vi™ |s<constant independent of m (¢=1, ---, N).
Consequently, by the theorem of Shmulev [6], we obtain
[ ™ rapsconst (| fi" Vet @ilera)  (#=1, -+, N),
the right-hand side of which is bounded by a constant independent
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of m. It is now easy to conclude that the limit functions
,vi(t’ x): lim ,vgm)(t’ w) (7;:19 ) N)

constitute the periodic solution sought to the boundary problem (1),
(2). The proof is thus completed.

Remark 1. If all the ai,, b}, f;, and ¢; are time-independent,
then so is the solution. Therefore the elliptic boundary problem
- 2 a’pq(x) (w Uy, "':uN) in ‘Q’
vig=1 0%,

ui—-—sos(w) on 59 (’b~1, -++, N)
may be regarded as a special case of the periodic boundary problem
of parabolic type (1), (2).
Remark 2. 1) If z,fit, ©, 2, ++-,2y)<—a2i+ai, a?>0 and

1=0 being constants (¢=1, .-+, N), then the functions @; and ;
defined by

ai(ty x)E -Qi(ty x)E const>max{8;1p I 2 I’ 1/0/1/0/2} (i:]‘a ct Y N)
Q
satisfy Assumption V.

ii) If f; are bounded in 9| f;|<M;), then the periodic solution
(period T') to the boundary problem

L(w)=M,[—M,] in Q and u,=@,[—@;] on dQ (i=1, N),
where @, —const>sup | 0;], plays the part of {@(¢, w)}[{a) (t x)}]
Assumption V.
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