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29. On Differential Operators with
Real Characteristics

By Hitoshi KUMANO-GO
Department of Mathematics, Osaka University
(Comm. by Kinjir6 KUNUGI, M.J.A., Feb. 12, 1966)

1. In the recent note [2] we constructed a wave operator of
the form

(1) L= 2 -2 -

where f and g are real valued infinitely differentiable functions in R?,
for which the local uniqueness of the Cauchy problem does not hold,
if we give initial values on any domain on S={(¢, z, y); 2*+y’=1}
and solve outward from S. A. Pli§ [8], using the example of L,
Hormander [17, pp. 225, gave an example of differential equations
possessing solutions with arbitrarily small supports.

In this note, by the method of A, Pli§ [3], we prove the following:

Theorem. Let Q(0/0x)=Q(0/0x,, 0/0x,) be a homogeneous differ-
ential operator of order m(=1) tn R* and of the form

0 o

(2) )= 35 s

Assume that there exist a real vector N=(N,, N,)#0 such that
Q(N,, N)=0. Then there exist complex valued infinitely differ-
enttable functions b;(x) (j+k=m) which vanish at the origin
with all their derivatives, and the local uniqueness of the Cauchy
problem for the operator

aj+k

(3) P(s, 2)=q( L)+ 2 baw) 20

jtksm aw{axf

does mot hold for any smooth curve ¢(x)=0 tf ¢(0)=0 and grad
¢(0)=#0.

Remark. We shall prove that, for any >0, there exists a
solution u.(x) satisfying the equation P(x, d/0x)u.(x)=0 such that

(0,0) € supp u.”C{x; p(x)=20, xi+ 23 <€,

This means that, for any domain £ containing the origin, we can
not give any boundary condition on the boundary of 2 such that
we may determine a unique solution of P(x, d/0x)u,=0.

Corollary. Let M(d/ox)=DM(d/ox,, -+, 0/0x,) be a homogeneous
differential operator of order m(=1l) in R*(v=3). Assume that

1) For a function u(x), supp u= the closure of {x;u(x)=0}.
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there exist non-zero real vectors &' =(&,+--,&) and &' =(&}, .-+, &)
such that M(8)+~0 and M(&")=0., Then, there exist complex valued

Sfunctions B;...; (y,, y») € C*(B?), j,+ -+ +j.=m, whose derivatives
all vanish at the origin, and for the operator

L(m i): ( >+ s (&, - g")%__“_"'“”_

’ ax 840 Jiteetiysm “ 9y L 3(&7{;"’

the local uniqueness of the Cauchy problem does not hold for any
surface {x; p(x-&, x-&")=0}, where ¢(y,, y.) ts of class CYR?) such
as ¢(0, 0)=0, grad ¢(0, 0)=~0.

2. Proof of Theorem. First we prove a lemma with a little
modified form of A. Pli§ [3].

Lemma (A. Pli8). There exists a complex valued function
f@,y) tn C(R?, whose derivatives all vanish at the ortgin, such
that, for any €>0, and smooth function +(t,y) such as (0, 0)=0
and grad (0, 0)=0, we have a solution w.(t,y) of the equation

(4) —%w(t, »=ft, y)—(%w(t, )

whose support contains the origin and is contained in
{¢, ); v, )20, +y* <&

Proof of Lemma. We follow the method of A. Pli§ [3].
L. Hormander [1] constructed complex functions w(t,y) and a(¢, y)
of class C=(R* and vanishing for ¢<0, such that the equation
ofatu(t, y)=a(t, y)o/oyu(t, y) is satisfied and supp u={(t, y); t=0}.
Setting

v(t, O)=u(t—0% 0), b(z, )=1—20a(r—86% 0))'a(t— 6% 0),
we obtain an equation d/dtv(z, 0)=0b(t, 6)0/30v(z, ). If 7<q for a
constant ¢>0, we have t+y*=(t—6*+6°<q. Hence, for a suf-
ficiently small fixed ¢°>0, the complex functions v(z, §) and b(z, 6)
are of class C= in {(r, 0); 7<q"} and vanish for t<6* and supp v
contains the origin. Let A(s) be a function of class C=(R) such
that 0<A(s)=1, A(s)=0{for |s|=1 and A(0)=1. Consider the functions
( 5 ) ’W(t, Y; toy yo; T)=?J(’I‘A((t—t0)/’l‘), y_yo)’
o(t, ; ¥, %5 )= A/ —8))b(r A(E—)/r), y—)
for 0<r<q’. Then, setting
R(E, o5 1) =((t, 0); |t~ | <7, |w—a | <3,

we have
(6) ¢ == supp wC R(t’, y"; r), supp cCR(t’, ¢°; 7),
and w, ¢ satisfy the equation

(1) %W(t, y; U, y% r)=c(t, y; t°, ¥ r)gy-wa, ¥, 9% 7).

2) For a real vector &=(&1,---,&) and o=(%1,-- -, 2y) € RY, x-& denotes the inner
product @-&=x:&1+ - -+ + 26y,

3) ¢ denotes the empty set.
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Since v(z, 6) and b(z, §) vanish for 7<6°, we have

_y 0FF _x 09FF

T o amv(z‘ 0)—0, 7 M& T b(z, 6)—0 (7\,0)
uniformly for any fixed j, k, and M>0. Hence, remarking
rA((t—1t%)/r)<r,we have by (5)

pitk .
5oy A W, v v, v’ r)—0,

(8) itk ,
Stiay =@, y; v,y r)—0

when r—0, uniformly in R* for any fixed j and k. Now, we set
R,,=R(n™, 0; [n|™), R,,=R(0, n™%; [n|™), (n=%1, £2, --.).

Then there exists a positive integer n%(=¢"™") such that

(9) Rj,nnRj’m’:qjy lf |7’l/| g’noy and (.7; n):?l:(j’y n’)o

We set, for an integer I(| 1| =n°),

doo +oo
Wi = 2wt y; w7 05 | v ™), wy= X w(t, y; 0, w7 |7 |™),
if [=0 respectively and set
Ft,0)= 3 {elt, v w7 0 | ) +elt, 5 0, w75 [ m[ ).

Then, by (6)—(9), we have w, ,(j=1,2,|l| 27, f(¢, y) € CT(R"),
(10) (0,0) e supp w;, C{(¢, y); t*+y* <4/ 1|7}
and every w; (t,y) satisfies the equation (4).

Now, let (¢, ¥) be a function of class C* in a neighborhood of
the origin such that (0, 0)=0 and grad (0, 0)%0. Then

W (t, y)=at+By+o(V/t*+y*) where (a, 8)=0.
Hence, for any ¢>0, we can select j(=1 or 2) and integer I(|l]| =
Max {n°, 2¢7}) such that
(0, 0) € supp w;,,C{Ct, v); v, Y20, *+y <41 =€

This completes the proof. Q.E.D.

Proof of Theorem. Take a real vector £°=(&), £3)5=0 such that
Q(&, &)+0, then & and N are linearly independent. If we transform
the coordinates (x,, x,) to (¢, ¥) by the non-singular transformation:
t=E&%, + &%, y=N,x, + N,&,, then the differential polynomial Q(¢,, &,) is
transformed to Q'(2, 7)) =Q(82+ N,7, &2+ N,7n) where (4,7) corresponds
to the differentiations (6/dt,0/0y). Hence we have Q'(1,0)=@Q(&, &)+
0 and Q'(0,1)=Q(N,, N,)=0, consequently we can write Q'(«, )=
Qi(2, 7)2 where Q((2, 1) is differential polynomial homogeneous of order
m—1. Set P’(t,y, 0/0t, d/oy)=Q(d/dt, d/ox)(0/ot — f(t, y)0/oy) with the
function constructed in Lemma. Then all the solutions w(t,y) of the
equation (4) necessarily satisfy the equation P'(¢,y,d/dt,0/0y)w(t,y)=0.
Consequently we see that the local uniqueness of the Cauchy problem
for the operator P’ does not hold for any curve +(¢,4)=0 of Lemma,
If we re-transform the coordinates (¢,) to (x;,x,), we can easily see



118 H. KUMANO-GO [Vol. 42,

that P'(¢, y, 0/0t, 0/0y) is transformed to P(x, 0/0x) of the form (3)
such as b;(x)(j+k=m) satisfy the conditions of Theorem, and that
(¢, ) is transformed to ¢(x,, #,) with one to one correspondence.
Q.E.D.
Proof of Corollary., We can linearly transform the coordinates
(x,, +++,2,) to (¢, Yy, -+, ¥,_1) such that the transformed differential
polynomial M’(2,%,,---,7,_,) satisfies the conditions M’(1,0,..-,0)==
0,M’'(0,1,0, -++,0)=0, and the planes £-&'=0, 2-&"” =0 are transformed
to the planes ¢=0 and y,=0 respectively. Set Q'(d/dt, 3/0y,)=M'(9/ot,
0/0y,, 0, +++,0), then we can write Q'(d/6t, 0/0y,)=Q¢(d/ot, d/dy,)d/ot
where Q{(d/0t, 3/0y,) is a homogeneous differential polynomial of
order m—1, Next, with a function f defined in Lemma, we set
P'(¢, yi, 0/0¢, 6/0y,)=@Q(0/0¢, 3/0y,)(0/0t — f(¢,y,)9/0y,). Then, for the
operator P’, the local uniqueness of the Cauchy problem does not hold for
any curve (¢, y,)=0 satisfying the condition of Lemma. Considering
L'(t, y, 0/0t, 0/oy)=P’(t, v, 0/0t, 0/0y,), we can easily see that, for the
operator L’, the local uniqueness does not hold for any surface {(¢, y);
¥ (t, ¥,)=0} with the function ++ defined in the proof of Lemma,
since the solution w(¢,y,) of P'w=0 is also the solution of L'w=0
by considering as a function in R*. Consequently, re-transforming
the coordinates (¢, v, ---, ¥,—) to (x, ---,2,), we get the desired
operator L(x, 0/ox). Q.E.D.
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