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§ 1. Introduction. The purpose of this paper is to show the
completeness of a modal system which will be called L, in the following.

In my previous paper [1], in order to show an example of defence
of circular definition, the following definition was given:

A statement is analytic if and only if it is consistent with every
statement that expresses what is possible.

This definition, roughly speaking, is materially equivalent to
Carnap’s definition of L-truth which is suggested by Leibniz’ conception
that a necessary truth must hold in all possible worlds (ef. Carnap
(21, p.10).

If “analytic” is replaced by “necessary” in the above definition,
this definition becomes as follows:

A statement is mecessary if and only if it is consistent with
every statement that expresses what is possible.

This reformed definition is symbolized by modal signs as follows:

Op=(@[Oe2O(p-9)],

where p and q are propositional variables.

Let us replace it by the following axiom-schema and rule:

Axiom-schema. Oa>[ LD O(a-B)], where a, 8 are arbitrary
formulas,

Rule of inference. If —CpDO(a-p), then - Da, where « is an
arbitrary formula and p is a propositional variable not contained in a.

We call L (the Leibnizian modal system) the system obtained
from the usual propositional ecalculus by adding the above axiom schema
and rule and the rule of replacement of material equivalents. (Ca
is regarded as the abbreviation of ~ [ ~a).

This system is easily proved to be equipollent to the system
obtained from the usual propositional calculus by adding the following
axiom-schema and rule and the rule of replacement:

Axiom-schema. O(aD>B8)>(Oa>OA).

Rule. If « is a tautology, then + Qa.

We call L, the latter system with the restriction that if D« is
a formula of L, then « does not contain [J. We shall discuss the
completeness of L, in the following sections.

§ 2. Main results. We write a, 8, v, - -- for the formulas of L,
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which do not contain 0. We write a’, 8, 7', --- for general formulas
of L, («,fB,--- are composed of propositional variables and T,
OB, -+- with ~, -, v, D.)

Let v be an arbitrary formula not containing 0. We call a
v-valuation a manner of value assignments which satisfies the following
condition:
true, if yDa is a tautology;
false, otherwise,
where a is an arbitrary formula not containing [J, and v is called
the axiom.

For a general formula, the following definition is given:

' is a v-tautology, if and only if, for a fixed axiom v, &' is true
for all y-valuation, (a, which does not econtain [, is a ~y-tautology
if and only if « is a tautology.)

We now state the following theorems:

Theorem 1. If o is provable in L, then o is a vy-tautology
for all .

Theorem 2. If & is a v-tautology for all v, them o 1s
provable in L.

§ 3. Proof of Theorem 1. If yD(a>pB) is a tautology and yDa
isa tautology, then vy Bisatautology. Therefore O(aDB)D>(Oa> )
is a y-tautology. If « is a tautology, then yDO« is true for an arbitrary
v-valuation. Therefore, if « is a tautology, then O« is a v-tautology.

§4. Proof of Theorem 2. Let us mention the following
lemmata for the sake of the proof of Theorem 2:

Lemma 1. If o'-B 1is v-tautology, then o', B’ are v-tautologies.

The proof is evident.

Lemma 2. If d does not contain O and

(I) ~Oa,v~OaV -+ V~Oa,vVOBVIOBYV +++ VOB,V
18 a v-tautology, then

1) ~Oav~0OaV - V~Oa,VOBNVOBY - VOB,

18 a y-tautology or 0 is a tautology.

Proof. If ¢ is not a tautology, then there exists a v-valuation
by which ¢ is false. For such a vy-valuation, (II) is true. Therefore,
(II) is a ~-tautology, because truth value of (II) depends only on
Oy Olyy * v 0y Oy By, Bey * =+, Ba, ¥ and is independent of y-valuation, qg.e.d.

An arbitrary fomula «’ is reduced to a conjunction of the formulas
of the form (I). If ¢ in (I) is a tautology then (I) is provable in L,.
From Lemma 1 and Lemma 2, therefore, for the proof of Theorem 2,

it is sufficient to consider (II) as a’. Now take a,-a,- -+ - -@,, as axiom
v (if m=0 then it means a tautology). Then, since
Oa,, Oa,, -+, Oa,

truth value of Daz{

are true,
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DB].\/ DBz\/ LRIV Dﬁn
is true. Therefore for some ¢ (1=7=n)B; is true, that is
(al-a'z- cee ’am)DBi
is a tautology, accordingly so is
a; D D( - (@nDBi) *+*)).
Therefore,
Oa,>(0a, >+ (Da,D08:) +++))
is provable in L, and
~Oa,V~0aV - V~Oa,vVOBNVIOBYN <+« VB,
is provable in L,.
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