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195. On the Convergence of Semi-Groups of Operators

By Shinnosuke OHARU
(Comm. by Kinjird6 KuNUGI, M.J.A., Oct. 12, 1966)

1. Let X be a locally convex, sequentially complete, linear
topological space and {U : t=0},-,,,... be a sequence of semi-groups
of operators on X, satisfying the following conditions:

(i) U"=I, UMUP=U., ¢, t'=0,

(i) ltlIP Ume=Ura, t,=0, xe X,V
=

(iii) {U/™} are equi-continuous in ¢ and =, i.e., for any continuous
semi-norm p on X, there exists a continuous semi-norm ¢ on X,
independent of ¢ and =, such that

p(U"x)=q(») reX.
And let F'™ be the infinitesimal generator of {U™},s, i.e.,
Fmg= lhmol A~ (U™ —Ix.
We consider the following condition (A):

(A) There exists a dense linear subset WM LZJ ,,Q D(F®Y such
nzl n
that

lim (F™g— F"g)=0 for each xe AN,

M. Hasegawa [2] ‘considered the following problem in the case

of Banach space: Under the condition (A), is it true that the
additive operator F'= lim F'™™ or some closed extension of F' is the

infinitesimal generator “of a semi-group {U,} which satisfies U,=
lim U™ ?

In this paper we shall extend Hasegawa’s Theorem on the space
X mentioned above and obtain the main theorem:
Theorem 3. We assume the condition (A) and put
Fx= lim F"g, XeMm.
Then there exists a closed extension F of the F and it generates
an equi-continuous semi-group {U,} of class (C,), where
Ux= lim U7z, Sor all xe X and t=0,
if and only if the following condition (H) is satisfied:
(H) For some 2,>0 and for any continuous semi-norm p on
X,
lim p((I— 27 F ™)~ — (I—27*F ™)~ x) =0, re X,
The proof is given in the section 3.
On the other hand, T. Kato [1] has obtained the following

1) A Semi-group satisfying the conditions (i) and (ii) is said to be of class (Co).
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theorem,
Theorem 1. Under the condition,
(K) for some 2,>0, lim RQ2y; F*)ax=I(2)x exists for all x of
X and R(IQ,))=X,
the limit lim R(2; F™)x=I(2)x exists for each 2>0 and xe X, and
I(2) 1s the  resolvent of the infinitesimal generator F of an equi-
continuous semi-group {U,} of class (C,).
Furthermore,
Uax= lim U™z for every xe X,
where the limit holds uniformly zn every compact interval of t=0.
Theorem 1 doesn’t give any informations about the relations
among F'™ and ', We shall make them clear by Theorem 3. And
we shall give some conditions which are equivalent to (H) under
the condition (A) in the section 2.
The author expresses his thanks to Professors I. Miyadera and
H. Sunouchi for many kind advices.
2. We begin with defining the operators I{” from X into
itself, by
I"e=2RQ; F™e=(I-2""F"™)"g, zxe X.
Theorem 2. Under (A), the conditions (H), (K) and the follow-
wng conditions (H,), (H,), (H;), and (EH,) are mutually equivalent.
(H,) For any t,t'=0 and any continuous semi-norm p on X,

lim p(UM U e— U UMe)=0, re X,
(H,) For any 2, >0 and any continuous semi-norm p on X,
lim p(IiM I e — I [Ma) =0, ze X,

(H;) For any %20 and any continuous semi-norm p on X,
lim p(Ux— U™x)=0, xe X.

(H,) For any 2>0 and any continuous semi-norm p on X,
lim p(I{"x— I{"x)=0, xe X.

Proof. (Hl)é(Hz).MUsing the relation between I{® and U™

[1; p240], we have
P 1w — I 1) éll’rre”“e““p( UP U w— U UMg)dsdt,
0 Jo

Now we may use only the Lebesgue convergence theorem,

(H,)=(H,). The limit lim F"g=Fx exists for each x e M since
X is sequentially complete. If xe I, then there exists an n, such
that e N DF™). Thus by choosing n, n’'=n, we have

nZn
" a=IW(I- 1" F™)e =L (1- 27 F ),

From the equi-continuity of I{™ with respect to n and 2>0, for

any continuous semi-norm p on X, there exist continuous semi-norms
q and ¢ on X such that



882 S. OnARU [Vol. 42,

(I — I w)
=p(I" L™ (I— 27" F " Y — I LW (I — 271 F ™))
<pI0 1Y% — I L) + - (I I (F W — Fir))
+ 27 (LM LW Fa— IW I Fg) + 27 p(IM I (F'x — F ™))
Sp(LM LM e — L IMe)+ 2~ q(F ™x — Fx)
+ 27 (L I Fe — IW [ Fe) + 27'q'(F ™% — F'x), xe N,
Since each term of this right side tends to zero as %, n'—oo, for
any ¢t and any continuous semi-norm p, linp p(I"xe—I"x)=0.
Thus (H,) follows from the denseness of . .
(H)=(H) is obvious.
(H)=(K). Suppose (H), then lim I[”x= I, x exists for each v ¢ X.

And we obtain I, (I—2;"F)y=y for each y e from
oI~ 25" F )y —)
Sp(L(I=27F)y — Ly (1= 27 F)y) + (L (1= 2 F Yy — LY (I 25 F ™)y)
<p(L (I~ 35 FYy— I (I 27 FYy) + 2 (F "y — Fy).
This shows R(I,)D>M, and therefore R(I,) is dense in X.
(K)=(H;) is obvious from Theorem 1.
Hy)=>H,). lim UMae= V. exists for any t=0 and € X. Then

for any continuous semi-norm p on X, we have
p(UMUM x— U UMa)
ép( Ut('n) Ut(/n')x _ Ut(n) Vt/ﬂ?) + p( Ut(n) thm . Ut(n) Ut(,n)m)
+p(UPUMe—UP Vo) + (UM Ve —V,, V)
+o(V, Vaa—- U Vo)+p(U Va— U UMw)
QUM e— Vox)+ (Ve — UMy + q(UMe — Vi)
+o(UM V-V, Va)+po(V, Vao—- UM Va)+q(Ve— Uimz).
Since each term of the above right hand tends to zero as n, n'—oo,
we get the condition (H,).
3. We prove Theorem 3 mentioned in the section 1.
Proof of Theorem 3. Since the “only if” part is evident from
Theorem 2, we shall prove the “if” part., By virtue of Theorem 2,
we assume now (H,). Setting Lx= lim I{"x for 1>0 and x ¢ X, we

have lim [La=2« for all x ¢ X and have the resolvent equation

A—o0
2[

(=) Lix=

;3 I+ Z—%Ih,x for z¢ X.

In fact, for each continuous semi-norm p and each ze X,
p(Lie—a)sp(Lae—LVe)+p(L"e— (- 27" F ") [{"2)
sp(hw—L"e)+ 27 p(F W I x)—0
as 1—oo, For each » and each xe X

!
fCR L () (P -;TI;W.

ll

Passing to the limit as n—oco, we have resolvent equation (). The
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equation (*) shows that R(I,) is independent of 2>0 and hence we
shall denote it as R. Moreover, it follows that I, is a one to one
operator between X and R. In fact, if we assume that for some
4,>0, there exists a non-zero element x such that I, =0, then from
the resolvent equation (*) we have Lix=0 for any 1>0 and thus
z= lim [,#=0, which is impossible, Thus we can define the operator

~ A—oo
F,=2I-I7") on R, which is independent of 2 since
P La=2,I— I L= 2L — zl[ 112“ 2 1a+ zi ]
1 1
-_—2(1‘}\— I)x:F’)\I)\x.

Then, similarly as in the proof of Theorem 1, we can prove that the
operator F' defined by

Fo=2I- I for xe R
generates an equi-continuous semi-group {U,} of class (C,) such that
Ux=lim U™z for all z e X,

On the other hand, similarly as in the proof of Theorem 2, we have
L(I-2"'F)y=y for each y € M, from which it follows that Mc R(I,)
=QR. Thus F is a closed extension of the operator F.

Now we consider the following condition (C):

(C) There ewists a dense linear subset W'C X such that
LAV for some 2,>0.

Using this condition, we can extend Trotter’s Theorem [3; Th.
5.27 on our space X.

Corollary of Theorem 3. Under the condition (A), the closure
F of F is the infinitesimal generator of an equi-continuous semi-
group {U,} of class (C,), where U,x= lim U™z for all xe X and
t=0, if and only if (H)+(C) or equivalently the following condi-
tion (T) is satisfied:

(T) There exists a positive real number 2, such that R(I—i;*F)
=X,

Proof. If F'is the infinitesimal generator, then R(I—i—'F)=X
for each 2>0. The condition (T) follows from the relation of
inclusion R(I-2"'F)DR(I—-217'F). Conversely if we put W=
(I—=2"F)IR, then it can be seen that (T) implies (C). Furthermore
we can prove that (T) implies also (H). In fact, from the equi-
continuity of Ii” with respect to », for any continuous semi-norm
p on X and y e WM,

(LY (I—= 2" F )y —y) =Ly (I— 25" F )y — L (I— 25" F ™)y)
S(F ™y — Fy),
which shows
lim (L (I~ %" F )y — I (I 15" F)y) =0, yem,
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Thus from R(I—2;*F)=X, we have

linr} o(IPe—Ix)=0 for each xe¢ X,
which is nothing but the condition (H). Next we assume (H)+(C).
Then by Theorem 3, there exists a closed extension ¥ which is the
infinitesimal generator of {U,}. Now it remains to prove F=F,
For any xe X, there exists a generalized sequence {x,}CI' such
that lim #,=x. By virtue of the definition of F in Theorem 3, for

any continuous semi-norm p on X, we have
lim p(FI, o —FI, %)= lim p(FI, (v —w.))
= lim p(A( L, — D)(z —2.)) =0,
which shows F=F.
Remark. By Theorem 2, the condition (H) in Theorem 8 and
also in the Corollary can be replaced by any one of the conditions
(H,) and (K).
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