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1. Introduction and results. We consider the nonstationary
problems

|2~ @ Juta, = fe X @>0), (1)
u(, 0)=0, aituw, 0)=0; 2y

0? ’

[ 2~ 4+ a@) Jutz, =0, (1)
u(z, 0)=g,(x), aitu@o, 0) = g(@); (2)

in 3 Euclidean space R®, where g(x) is a real-valued function belonging
to Ci(R®). Furthermore assume that the operator L= —4+¢q(x) has
no eigenvalue. Here 4 denotes the Laplacian 6*/0x3+ 0%/0x3+ 0%/0ux3,
and L is the unique self-adjoint extension in L*R®) of — 4+ q defined
on Cy(R®. Then under the conditions imposed on ¢, L is strictly
positive, and it is known that D(L)= W2(R®), where W32(R®) denotes
the space of functions whose partial derivatives of order<2 in the
sense of distribution belong to L*(R?®).

Then we have the following

Theorem 1. Suppose that g,(x) € CYR?), g,(x) € Cy(R®), and
f(x) e Ci(R®). Then the following three conditions are equivalent:

i) The solution of the problem (1), (2) is such that at every
point x € R® we have

lim u(x, t)et "  =u. (x, 2) 2>0),

t—oo
where u.(x,2) denotes lim u.(x, 2) and wu.(x,2) is the solution of the
equation e
Lu=@Q+)u+f.
ii) The solution of the problem (1), (2) is such that at every
point x e R® we have
lim u(x, t)=0.

t—o0
iii) Ewery solution of the equation (—4+q)u=0, satisfying the
o
ox,,

conditions u=0(] x|, =0(|z|™®) at infinity is identically zero
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(cf. [4]).

For the special case where g(x) depends only on |2 | and satisfies
the inequality

1 1
—q(x S(— 2)_——,
(@)= y oF

we give the relation of the principle of limit amplitude and the
characteristics.

Theorem 2. If there exists a solution u(x) of the equation
(— 4+ q@)u=0 which is not identically zero and satisfies the conditions
u=0( 2 |™), g;" =0(|2|™®) at infinity, then there exists a solution

k
v(x, t) of the problem
a2

WO_I_L’UZO’

o, 0)=0,(x), j—tv@c, 0)=gi(x),

such that v(x, t)=u(x) for |x|<t, where g,(x) e CYR?), g.(x) € Ciy(R®).

2. Proof of Theorem 1. From theorem 6 in [1] it follows
that iii) implies i) and ii). To prove the converse assertion in Theorem
1 we use the following Lemmas together with the methords considered
in [1] or [3].

Lemma 2 (Fredholm). Let q(x)=0 for |x|>r, and R(x,y, )
be the resolvent kernel of the equation

— 2|
w@)= |-k £ gy + ()
T |e—y|
in 2, where 2 is a compact set of R®. Then we see that R(x, y, 2)
has the form
ey N=2@.) . L w)v(y) 2
R(x, y, 2) A + ool £ G 1) +K(x, 9, 2)
i a neighbourhood of a pole A, of R(x,y, ), where v;(y), (=1, 2,
«eo,m) are non-trivial solutions of the equation
w(y)= —%Q(y)s v(s)ds in 2,
™ ly—s|

and K(x,y,2) is continuous in (x,y, 2) for x+y, analytic in 2 for
x#y, Kx,y,2)=0 for |y|>r, and K(x,y,2)=0(|z—y|™) as |x—y|—0.

Let E; be the resolution of the identity generated by the operator
L. Since E,.,=0, we have

Lemma 2. If there exists a solution of (—A+qw=0 which

M _ (x| at infinity,

48 not identically zero and w=0(|x|™),

k
then in Lemma 1 we have that 2,=0 and m=1,

3. Proof of Theorem 2. It follows from [4] that u(x) depends
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only on |x|. Set w(r)=ru(x), where »r=|x|. Then we have
Oii;w('r)—q(r)w(r)zo for r=0,
where q(r)=q(x), ¢(r)=0 for r>r,
If we set u(r, t)=w(r) in D,, where D,={(r, t); 0=r=t}, we see
that wu(r, t) satisfies the equation
0* o
v _ = 3
= +afutr, =0 (3)
in D, with the condition: «(0, t)=0.
Next in D,={(r, t); 0<t<r} we shall find the solution wu,(r,t)

of the equation (8) with initial deta: w.,(r, 0)=¢.(7), %7:1 (r, 0)= (1),

where ¢, € C¥([0, o)), supp ¢, [0, 27,], ¢, € C*([0, o)) and supp ¢.C
(27, 1), where r,>2r,. Furthermore we see that w,(r,t) satisfies
the integral equation

uy(r, t)= %{%(? +O)+e(r—1+ %S:i:soz(S)ds

+%S:dfsr+(t_t) —q(s)u(s, T)ds (1)

r—(t—1)

in D,. Since supp ¢,C(2r, 1), we see that u(r, t)E-;—SHegoa(s)ds
r—t

satisfies (3) in D,. Therefore for r>-%1— we can assume that w(r)

=u,(r, r)=C, where C is a constant and C=0,

Now we shall find the solution u,(r,t) of (8) in D, satisfying
the initial deta with compact supports such that u,(r, ) =w(r) —u,(r,7)
for r=0.

To this end we replace the coordinates », ¢ by new coordinates
&, & such that Elzé(r-l-t), Szzé(aﬂ—t). In Dy={(&, &); &=0, and

£,=0}, we consider
3 7
we, &) =we)- | atl s+ oue, L, (5)

where (&) =w(r)—wu,(r, r) € C}[0, o)) and (&,)=0 for & % By

C(D,) we denote the Banach space of all bounded continuous functions

(&, &) defined on D,, with the norm || #||= sup |¥(&, &)|. Instead
(¢1,69)€Dg

of (5) we consider the equation

(&, &)= e rap(e) —ei | aL [ "Gk Lo C, LG, (6)
1
where « is an arbitrary positive number. Set

(T0) &y, &)= —erta™® S:dezSZOQ(Cl +&o)e*Cr9(L,, §,)dE,.
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Then T, is a continuous linear operator on C(D;) to C(D;) and we
have

1 Telis o o) | ar.
Therefore for sufficiently large « there exists a unique solution #(&,, &,)

of (6) belonging to C(D,). Setting (&, &) =e *“1—85(&,, &), we see
that #(&,,&,) is continuous and satisfies (5) in D,. Hence %(¢,,£,) € C¥(Ds).

Furthermore we have that #%(¢,, &)=0 for &> L

If we set

w7, 1) =W, &),  Gu(7r)= ¢1(r)+u(2 5

0M=0+ {245 )~ (5 g)},
from (5) we have 1 :

ot o .
L= et futr, =0 in D,

U7, ) =w(r)—uy(r, ), ulr, 0)=gy(r)—o:(r), aituz(ry 0)=gx(r) — o),

and furthermore
9:(r)=gx(r)=0 for r>r, gi(r)e C¥[0, 0)), gx(r) e C¥[0, o0)).
If we set
us(r, t)=u,(r, t)+u(r, t) in D,
then we have that u,(r, t) satisfies (8) in D, with the initial deta
us(r, 0)=g,(r), —;zua(r, 0)=g,(r) and on the characteristic line {(r, t);

t=r} we have w(r)=wusr, r). Therefore if we set
u(r, t)=w(r) in D,
=uyr,t) in D,
then we have that in {(», t); =0 and ¢=0}, u(r, t) satisfies (3) in
the sense of distribution and %(0, t)=0, u(r,0)=g.(r), a u(r 0)=g.(7),

u(r, t)y=w(r) for r=t.
Furthermore we have the following
Lemma 3. We can take g.(r), g,(r) such that
9:(0)=9,(0)=0.
We shall postpone to prove Lemma 3. Setting v(x, t)=r"u(r, t),
g.(®)=r""g,(r), g.(x)=2r""g,(r), by virtue of Lemma 3, we have
9.(x) € CY(R?), g.(») € Cy(R*), and

62

o, 0)=F,(), —gt—v(w, 0)=7.(2), v, )=ux) for |z|<t.
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which is the assertion of Theorem 2.
Proof of Lemma 3. By the construction of g,(), 9.(r), we have

9:(0)=w(0)=0,
1 i1 o 1n 1 (o
0:0) =L — o0+ L w©)+ L “atrywiriar - | "aryuir, ar.
2 2 2 Jo 2 Jo
Set
K:huw'(O)+kuqu(fr)w(/r’)dr.
0
Then we have ¢,(0)=0 if and only if we have
e+ | "amuir, nir=x. (7)
Let #,(r, t) be the solution of (8) in D, with initial deta 7,(r, 0)
—5.(n), aital(’"’ 0)=0, where @,(r) e C¥([0, c0)) and supp [0, 2r].

Then we can take ¢,(r) such that
B0+ | "aryar, niro.
In fact, we have
a(r,r)= - G @+ BO 2| d| T —aom (s, s,
by virtue of (4). Since we have
SO"dT(SOﬂ s, 7) I ds)%g C(SO" 15.(s) I ds);"
by virtue of the energy inequality, we have
| atrymr, nar| = sup 15,

where C’ is a constant depending on ¢, 7.
If we choose ¢, such that

| 91(0) |>C" sup |o(r)],
0<r<2ry
we have
70+ | amm(r, nar=o.
If in (7) we replace u(r, r) by w/(r, r)+ku(r, r), then (7) becomes
@+ | "ayutr, nar+1fa o+, nar =k, (8)

where £ is an arbitrary real number. Taking k& such that (8) holds,
we have g,(0)=0 for the g,(r) which is obtained by replacing (7, t)
by w,(r, £)+Fka(r, t).

Since ¢(r)=0 for »>r, and w(r) is bounded, we see that w(r)
=constant for »>r, therefore set w(r)=C for r>», We also

require that kut,(r, r)+u,(r, r)=C for fr>1'2i, that is,
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oO)+15.0)+ | "ou(s)ds +{ ‘de| "~ a@)uls, )+ ks, ds
=2C for r>%. (9)

But in the equality (9) the values of w(s,7)+ki(s,7) for
(s,7)e{(s,7); 0<r<s<r,} depend only on the values of ¢,(7), ¢x(r),
o(r) for re[0, 2r,], and are independent of the values of ¢,(7)
for re(2r,, 7). Therefore it is obvious that we can take ¢,(7)

such that (9) holds for r>%. Q.E.D.
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