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193. On Free Abelian m-Groups. 1
By F. M. SiosoN

University of Ateneo de Manila, Manila

(Comm. by Kinjird6 KUNUGI, M.J.A., Nov. 13, 1967)

In this article, the notions of free abelian m-group and the tensor
product of abelian m-groups will be introduced and their more
immediate properties are developed.

Recall that

Definition. An algebraic system (M, [ ) or simply M is called
an m-semigroup if and only if [ J: M™—M satisfies the m-associa-
tive law, i.e.

[y e v B s s s Ty ] = [ B2+ + » B[ Tt oo o * Tigm [ Lipmtr® " Pomes ]
for each 7=1,2, ..., m—1 and all x,, x,, -+, %,,_, € M.

The m-ary operation [ ] can be extended in a natural way to
an n-ary operation, where n is greater than m and such that n=1
(mod m—1), This is done by defining

(2@ o @ ]=[ee [[Xs o v+ Bp®pas *** Lames ]+ L]
for all x, 2, -++, x, € Mand n=1 (mod m—1). The following gener-
alized associative law holds for m-semigroups (see R. H. Bruck [27):
[@y « e« @ ] =[085 ¢ B[ Bi Wigp o o0 010500 00+ @]
for n=1(mod m—1), 1<j—4i=1 (mod m—1), and all z,, ,, - -+, 2, € M.

For convenience, one may designate <{k>=k(m—1)+1 and
TP =[2,®, < Xy ] With @, =2,=-.- =24, =2. Observe that the follow-
ing exponential laws hold in any m-semigroup: (1) (x®)® = gbkim—1+hti>
and (2) [a@opk .. glmd] = glhathat+em+D)

Definition. An (m—1)-tuple (u,, u,, + -, %,_,) of elements from
an m-semigroup (M, [ 7) is called an (m—1)-adic identity of M if
and only if (2w, « o« Up_ | =% =[UUy +++ U, 2] for all xe M. Ina
similar manner, for any n=1 (mod m —1), the notion of a (n—1)-adic
identity of M may be defined.

Note that (u,, %, -+, Upm_y) I8 a k(m—1)-adic identity if and
Only if ([ulu2 e u(k-l)(m—1)u(k—1)(m—1)+1]’ ] uk(m—v) is an (m_l)'adic
identity.

Definition. An m-semigroup (M,[ 1) is an m-group if and
only if

(a) for w, uy ++- U,_,€ M, there exists a weM such that
(Uy, Uy * =+, Uy, %) i8 an (m—1)-adic identity of M;

(b) for w,, u,, ++- %,_,€ M, there exists a uweM such that
(W, Uiy »+y Um_yp) 18 an (m—1)-adic identity of M.



No. 9] Free Abelian m-Groups. I 877

Observe that if [uu, -+ 4,0, ]=a, for a fixed a,eM, so
that for any a,, -+, a,_,€ M there exists an a,_,e€ M such that
(a, @y *++, a,_,) is an (m—1)-adic identity, then [wu,--+ %, _,2]
=[Uy v Uy [0+ o2 A @] = [ Uy o U@y | = v+ Q] =10,

ca,_x]=x for all xe M. From this it follows that if (u,, u,, ---,
Um_z, %) 18 an (m—1)-adic identity, so that, in particular, [wu, ---
Ut ] =u, then [uwu, -+ u,_x]=2 for all xe M. Hence, if (u,, us,
<+, Um_y, ¥) is another (m —1)-identity, then w=[wu, - u,_v]=0.
In exactly the same manner, this time using (b) in the definition,
if (W, g, +e, Up_o) and (¥, Uy, ++ -, U,_,) are both (m—1)-adic identities
then ' =v’. Suppose, now, that (u,, « -, Up_,, w) and (¥, u, «++, Up_s)
are both (m—1)-adic identities. As we have previously shown, the
first of these implies that [uw, -« u,_2]=2 for all xe M, while
the second implies [2w, -, _,u']=2« for all e M. Choosing x=u'
in the first and « =« in the second, we obtain w=[uwu, + -+ u,_u' ]=u'.
Finally, we have thus shown that for w,, ---, u,_,€ M, there exists
uniquely a u=(u;, +++, Uy_)"' € M such that both (u,, -+, U,_,, w)
and (u, %, +++, %,_,) are (m—1)-adic identities. This also proves
that our definition of an m-group is equivalent to that of D. Boccioni
[1l.

Incidentally, the above results also show that an m-group may
be defined as an algebraic system (M, [ 1,( )™") such that (M,[ 1)
is an m-semigroup and ( )™ M™*—M is an (m—1)-ary operation
such that [2,2; ««« @p_o(Ly, Loy =+ vy Bppo) ™ B] = [ (X1, Xgy * ¢ 0y Tppg) XLy = ¢
xm——2x] = [xxx v xm—z(xlv Ly * vy xm—z)_l:l = Ex(xu Loy * oy xm—z)_lxl s xm-—2:|
=g for all x, %, 2, +++, £n_€ M. Whence

Theorem 1. The family of all m-groups is an equational or
primitive class.

One further concludes from the above discussions that if (u,, ---,
Upm—gy Um—y) 18 an (m—1)-adic identity, then (%,_;, u,, +++, U,_,) is also
an (m—1)-adic identity. By iteration, we obtain the result that
(Uowyy * %y Uomez)s Wom—y) 18 an (m—1)-adic identity for all powers o
of the permutation (12 -.- m—1).

As an example of an m-group, consider the following. Let X,
X,, +++, X,._, be sets of the same cardinality. Denote by S(X,, X,

m—1

<+, X, the collection of all one-to-one functions f on U X; onto
=1
itself such that f(X,)=X,, for all i=1, -.., m—1, where o is the
cyclic permutation (12 --.- m—1). Under the operation defined by
LA ees Ful=Siofeo oon o fm,
S(X, X,, --+, X,._,) is clearly an m-semigroup. If f, /3 ++*, fu_z
eS(X, X;, +++, X,_1), then fiof,o --- 0o f,_,=f is a one-to-one func-
tion such that f(S)=S._, f(S)=8,, +++, f(Su_1)=S._. and hence
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f_l € S(XU Xm 0y Xm—2)° Both (f~19 fly *t Y fm-—2) and (fly 0y fm—-zy
f") are m-adic identities of S(X,, X,, -+, X,._).

For self-containment, we shall state and prove the following two
results which will be used later.

Theorem 2. FEwvery m-group (M,[ 1) is isomorphic to an m-
group of functions. )

Proof. Foreachi=1, ..., m—1, defined a relation ~— on the
ca_rtesian product Mx Mx --- x M (i-times) such that (a,, a,, ---, a;)
A by by +++, by) if and only if [y e @iy e @p]=[bd, -+
bx;py »or 2, ] for all ;.\, 2,45, -+, 2, € M. Observe that if [a.a, « -
QiCiry *** Cp |=[bby + v+ biCiny »+- ¢, ] for some fixed ¢4y, +++, Cn €M,
so that (e, ¢ -+, ¢,) is an (m—1)-adic identity, then

[0y« v s Qiry » o T ] =[O0 + o+ Gl Cipy o o2 CuCy oot Cillign] o+ D]
=[[aay ++ @Cipy ++CplCy v v Ciipy * oo L]
= L0 -+« Biiss - Culls + - €y + - ]
=[bby + v bi[City v * CuCov s €Ty [Birz s * T
=[bby - by, + v Ty
for all x,,, ---,x,, € M. '

It is easy to see that ~~ for each i=1, 2, ---, m—1 is an equiv-
alence relation on Mx Mx --- x M (i times). Set X;=MxMX ---
% M/~—. Note that M/~ —X,=M since (a)~(b) if and only if
a=b. Now, consider the transformation m-group S(X,, X;, « -+, X,,_1).
For each x e M, define f, by f.(x, ---, xi)//{/)z(xl, cee, Xy x)//q'il/
for i=1,2, --+, m—2 and £.((@,, +++, B~ =[O0, -+ @ @]~
for i=m—1. Suppose f((w, -+ 2)/~)=F (W =+, ¥~ 50
that (x,, ---, x;, x)}t/(yl, «++, Y, 2). This means that for all «,,,,
coo, @, € M we have [@, « o+ X;08;4p 0+ By ] =[Yy 02 YilTi4y ++» Ty ] a0d
hence (2,  ++, &)~ (U, =+, %) OF (@, ++ =, B =Wy, ++, Ys)] ~.
Thus, f, is one-to-one. To show that f, is onto, consider any
(@y, ==+, am)/}i-l/. Choose a5, *++, a,_. € M such that (a,, ---,a,_,)
is an (m—1)-adic identity and choose b,, - - -, b, € M such that (z, a,.,,
ey Uy, bl? ct 7y bw) and hence (bly tt bi’ Ly Aiggy *y am—-l) isan (m—l)'

: : ) ]
adic identity. Then f.((b,, ---, bi)//‘i/)=(b1, <oy by, x)/}i/:(au sery,
am)/}-i/. A variation of this argument will show that in general
f. is onto.

Define h: M—S(X,, X;, +++, X)) by h(@)=f.. If f.=f, and
(%, *++, Up_y) is any (m—1)-adic identity, then a=[u, «:+ Up_,2]
=[%;* - U,_ Y] =1, that is, k is one-to-one. Moreover, A([2, 2+ ¥, ])
:f[wlmz---xm] = f 190 a0 00 ofa:m = I:fxl @y °°° fwm] = [h(xl)h(mz) te h(xm):l

for all x, x,, +--, x,, € M,
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Theorem 3 (Post Coset Theorem). Every m-group M is a
coset Ne=aN=M of a (2-group) group G by a mormal subgroup
N=M"" whose index is a divisor of m—1., Moreover, G/N 1is a
cyclic group generated by M and G=MUM*J -+ UM™™,

Proof. By Theorem 2, M is isomorphic to and hence may be
identified with a subset of the symmetrlc group S(UX ) of all one-
to-one transformations of the set UX onto itself. The operation
in M is an extension of the operatlon of composition in this group.
Let G be the least subgroup of S(UX ) containing M. Since M™= M,
then note that G=M U M* U M m=l If ge G such that g=2x.x,

. x; for x, +++, ;€ M and 'L§m 2, then g =iy v 0 Ty TOT 250y,
«eo, X, €M with the property that xx, .- 2,_,=1 or (x, o, +--,
Zm_) is an (m—1)-adic identity. Hence gM™ ‘g~ M:M™'M™
=M™, On the other hand, if g ¢ G and g € M™* so that g~* € M,
then gM™‘g‘cM™*M" M=M=, Thus, M™*' is a normal
subgroup of G. Now, if €@, «++ %, =1 or (X, Xz, *+*+, Lp_s, %) is an
(m—1)-adic identity, then M=Mzzx, .. x, 2SM"'2&SM"=DM.
Whence M™'x=M. The rest of the conclusions follow.



