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58. Leniewski’s Protothetics $1, $2. III

By Sh6tar6 TANAKA
(Comm. by Kinjir8 KUNUG, M. J. A., April 12, 1969)

In this paper, we shall prove that every theorem of $2 is a theorem
of S1.

Lemma 8. The proposition
(16) [f]{f(0)-- (f(1)-- [q]{f(0) f(q)})}

is a theorem of S1.
Proof. We add to S1 the ollowing definitions:
D12 [f, p]{(f(p) =_ (f(0) f(p))},
D13 [f, p]((f}(p) =_ (f(p) f(0))}.
T84 [f]{f(0). f(1) [q]{f(0) f(q))}
Proof. (1) f(0)

(2) f(1)
( 3 ) f(0) f(1)
( 4 ) f(0)f(0)
( 5 1(f)(1)
(6) <f(0)
(7) [q](<f(q)}
( 8 [q](f(0) f(q)}

T85 [f](f(0). f(1) [q](f(q) f(O)}
Proof. (1) f(0)

( 2 f(1)
3 f(1)f(0)

(4) f(0) Df(0)
( 5 )
( 6 ) <f(0)
(7) [q]{<f(q)}
( 8 ) [q]{f(q) f(0)}

T86 [f](f(0). f(1) D [q]{f(0)--f(q)}
T87 [f]{f(0) D (f(1) D [q]{f(0)-- f(q)})}
T88 [f]{f(0). [q]{f(0)---f(q)}Df(1)}
Proof. (1) f(0)

( 2 ) [q]{f(0)_=f(q)}
( 3 ) f(0)--f(1)
( 4 ) f(O)f(1)
( 5 ) f(1)

T89 [f]{f(0) ([q]{f(0)-- f(q)} f(1))}
T90 [f](f(O)(f(1)--[q]{f(O)=_ f(q)})}

(T2; 1)
(T2 2)
(D12; 3)
(D12; 4)
(AI’ 6 5)
(D12; 7)

(T2; 1)
(T2 2)
(D13 3)
(D13 ;4)
(AI’; 5;6)
(D13 7)

(T84 T85 T10 def (2), ii)
(T86)

(2; rule(a))
(def (2); T8; 3)
(4; )
(T88)

(def (2), ii; T87; T89)
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T92

T91 [f]{(f(1)-- [q]{f(0)-- f(q)}) f(0)}
Proof. ( 1 ) f(1)-- [q]{f(0)f(q)}

2 ) [q]{f(0)f(q)} f(1) (def (2), i; T9)
( 3 ) (f(0)-- f(0)) f(1) (2 rule (a))
4 ) f(1) (3)

(5) [q]{f(0)f(q)} (1;4)
( 6 ) f(0)---- f(1) (5)
( 7 f(1)f(0) (def (2), ii T9)
(8) f(0) (7;a)

[f]{f(0) (f(1) _---- [q]{f(0) _= f(q)})} (def (2), i T90 T91)
T92 is equfform to the proposition (16), and thus Lemma 8 is true.

We have used terms ’0’ and ’1’ instead o abbreviations of the
propositions ’[p]{p}’ and ’[p]{pp}’, respectively. Now we add to S1
the ollowing definitions:

def (3) 1_= [p]{pp},
def (4) 0_-- [p]{p}.
We shall prove urther theorems of $1.

T93 [p]{p}---- [p]{p}
T94 ([p](p}-- [p]{p})D1
Proof. (1) ([p]{p}--[p]{p})D[p]{pDp} (T2)

( 2 ) [p]{p Dp} 1 (def (3))
( 3 ) ([p]{p}=_ [p]{p})D1 (T1; 1;2)

T95 1--([p]{p}=_ [p]{p})
Proof. (1) lD([p]{p}=_[p]{p})

( 2 ) ([p]{p} [p]{p}) D1
( 3 1-- ([p]{p}-- [p]{p})

Lemma 9. The proposition
(17) [f]{f([p]{p})-- (f([p]{p}-- [p]{p}) =_ [q]{f([p]{p})-- f(q)})}

is a theorem of S1.
Proof. We shall prove urther theorems.
T96 [f]{f([p](p}) =_ (f(1)-- [q]{f([p]{p})-- f(q)})}
Proof. (1)

(2)
(3)

(T10; def (2), ii)

(T2; T93)
(T94)

(T10 1 ;2 def (2), ii)

(4)
To obtain (3) we use functional substitution:
f(r) f(r) =_ (f(1) =_ [q]{f(r) f(q)}).
This substitution is possible on the strength o auxiliary

definitions.
T97 [f]{f([p]{p})-- (f([p]{p} =_ [p]{p})-- [q]{f([p]{p}) =- f(q)})}
Proof. (1) l=_([p]{p}=_[p]{p}) (T95)

0---- [p]{p} (def (4))
[f]{f(0)-f([p]{p})} (rule (d); 1)
(f(0) (f(1) --_-- [q]{f(0) _---- f(q)})) (f([p]{p})
_= (f(1) [q]{f([p]{p}) =_ f(q)})) (2)
f([p]{p}) (f(1) [q]{f(0) f(q)}) (3 T92)
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2 ) [f]{f(1)----f([p]{p} =_ [p]{p})} (rule (d); 1)
( 3 ) (f([p]{p})-- (f(1) =_.[q]{f([p]{p}) =_ f(q)}))-- (f([p]{p})

(f([p]{p}-- [p]{p}) [q]{f([p]{p}) f(q)}))
(2)

( 4 f([p]{p}) =_ (f([p]{p}- [p]{p}) [q]{f([p]{p}) =_ f(q)})
(3; T96)

To obtain (3), we have used functional substitution"
f(r)" f([p]{p}) (f(r) [q]{f([p]{p})- f(q)}).

Such a substitution is possible on the strength of auxiliary definition.
T97 is equiform to (17), and thus Lemma 9 is true. T97 is

equiform to axiom $2A4.

Theorem 4. Every theorem of $2 is a theorem of S1.
Proof. It ollows rom Lemmata 4, 5, 7, 9 and T26 that axioms

of $2 are theorems of S1. It ollows from Lemmata 1, 2, 3, 4 that
the rule of $2 may be derived rom the rules and the axiom of S1.
Therefore, Theorem 4 is true.
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