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56. On Limit Spaces and the Double Weak Limit. II

By Hideo YAMAGATA
Department of Mathematics College of Engineering
University of Osaka Prefecture

(Comm. by Kinjiré KUNUGI, M. J. A., April 12, 1969)

§1. Introduction. Continuing our study on the limit spaces, in
§2, let us show the difference between the (principal ideal) limit space
and the topological space by the construction of some concrete limit
spaces which characterize the generalized double weak limits (itself
or with the restriction on sign) expressed by the filter. For terminol-
ogies, notations and references, see the paper [0]. Example II-1
shows the topological space J, which characterizes the generalized
double weak limit. Example II-2 shows the limit space J,,, defined on
J (with the restriction on sign at #=0) not to be the principal ideal
limit space. Example II-3 shows the non-topological principal ideal
limit space J,,, (with the restriction on sign in (— oo, o0)) defined on J.
Example II-4 shows the concrete form J ,\:(J~ ,7,) of A ideal not to
be a limit space shown in [0] Example I-1. 7,, 72 in Examples II-1,
II-3 are given by the construction of the base of the weakest filter
which becomes the fundamental system of neighbourhoods or the one
like it. 7, in Example II-2 is given by the construction of the join of
7?fs in a principal ideal limit spaces , 7?) (with the restriction on
sign in (—d, 0)) [0] Lemma I-7. In the construction of J,,, we use the
thought like the depth in ranked space [9] p. 5. We show in the final
part of §2 that L,0J, L,DU,.,J, and L,DJ ., hold in J,, J,, and J,,,
respectively. Here J,={f; 3{f.}eTeJ such that f,-f,>0 for any
m,n>0 and for a.e. x € (—0,0)}. Finally we show that the axioms of
the separation (T, (T, are not satisfied by J,, J,, and J,. The
neglect of the sign + in double weak limit leads to this result in
Examples 1I-1, II-2 which becomes a remark. The space L, in J,
(shown in Example 11-3) satisfies (T,) and (T,). This detailed investiga-
tion on J , J, ete. contributes to the investigation on the generalized
eigenvalue problem (concerning to continuous spectrum) appearing in
[10].

§2. Examples of limit space with the form J,7). 2.1. LetT
(or f) be the equivalent class [{g,}; {fn—9n} € O0,{g.}eJ] to {f.}eJ.
Let’s construct the families of the sets (contained in J) G() and Gz())
corresponding to fe J.

Definition II.1. G(f) is the family of all sets V(j; ¢, {p;; 1=1,2,
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- PD=I8; {9.} €5 {72} T such that lim| [ —r2)puda|<e, i=12,

-+ +,p] dependent on ¢>0, and on the finite set {¢, € B;1=1,2, - . ., p}.

According to the corollary of Lemma I-5 in [0] the definition of
V(e {p:39=1,2, - --,p}) is independent of the choice of {g,}, {f.} in
g f.

Definition I1.2. GZ(f) is the family of all sets V,(;e¢,0,{¢:;
i=1,2, -, pD=Ig; 0.} €5 /o €T such that lim| [(g2— 2pidar|<e,

n—oco

1=1,2,---,p, and 3{g%}egq, {3} ef such that ¢%x).f%x)>0 for
a.e.xe(—0d,0)] dependent on ¢>0, on >0 and on the finite set
{p.e B;i=1,2, ---,p}.

Since, for any A, B € G(f) (GZ(})), there exists C e G(f) (GZ(f)) such
that ANBDC holds, G() (G2(f)) consisting of the non-void sets be-
comes the base of a filter.

2.2. Example II.1. Let 7,f(feJ) be the set consisting of the
filters finer than (or equal to) the one with the base G(f) in Definition
II-1. <,f satisfies (L) (L% and (L) from [0] Lemma I-7, for { is con-
tained in all elements of G(f). The pair (J, 7, is denoted by J,,.

Theorem II.1. J, satisfies (L*).

Proof. If V is the set contained in the weakest filter in 7f, there
exists a V(f; e, {¢;;1=1,2, .-+, p}) € G(f) such that VD V(f;e¢, {¢;;51
=1,2...,p}) holds.

Let W(elBHD be V(; ¢e/2, {¢;; i=1,2,---,p}) and § be an
arbitrary fixed element of W. Since V2OW holds, and since
[~ roeds|<tim| [@2—rpide | +1im| [ - rpde | <e/2
+¢/2<¢e (¢t=1,2, - - -, p) holds for any {f .} e, any {h,} € he W and any
{gn}€§€ V(f);s/zy {901:;7::1’29 o ‘»10}), VQV([); 5/2, {¢i;i:1,2’ ° ’p})
holds for any He W. Then Ve<c,}) holds for any e WCV, and J,
satisfies (LY).

Hence J,, becomes a topological space which is called double weak

lim

n—o

topological space. Because if lim | f2¢dx becomes finite and definite

N0

for all oeB (f,eLi..,), the filter with the base [{f,;n>1};
1=1,2,...] is finer than the weakest filter ¥, in 7,f, where { is the
equivalent class to {f,}eJ. Namely, for any F e (§,), there exist 4,
such that FO{f,; n>1} for any i>1,.

2.3. In the following we give the limit space like J,, by using ¢
non-uniformly dependent on « (in f,’s domain).

Example I1.2. Let 72f be the set of all filters finer than (or
equal to) the one with the base GZ(f) (see Definition II-2), and let 7 ,f
=U;,,t?f. The pair «, 7,) is denoted by J,,. It can be shown that
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J p satisfies (L) (L*) but does not satisfy (L®). This 7z, differs from
Ty in 2=0.

Theorem I1.2. J,, does not satisfy (L%).

Proof. Let {f,}(eJ) be the sequence satisfying f,(x)>0 for any
n and for any « contained in a neighbourhood of zero, and f (or {)( e J)
be the equivalent class of {f,}. If § is contained in U,.,z?f, § is con-
tained in z?f for a given 0>0. Since there exists an element B, in
G2,(f) which truely contains any given element A in G?(f), and since
there is no element in G?(f) which contains any given element B in
G2(f), the weakest F, € t1,f satisfies F,<F (truely finer) for any § e 7.
Then, the weakest filter is not contained in U, ,?f, and J,, does not
satisfy (L3).

Theorem 11.3. J,, satisfies (L), (L?.

Proof. (J,z?) for any d>0 satisfies (L), (L?) and (L%) from [0]
Lemma I-7. Since 7,{>D7,f holds from the proof of Theorem II-2 for
any pair (9, 6") satisfying 6 >6’>0 and for any feJ, (L) and (L?) are
satisfied by J,,. Let us show it in the following.

(1) If Fer,f, Ferlf for a given 0>0. Then, if F=F,

T e tifCr,f.
(2) If @, B e7,f, T, Felf for a given 6>0, and F, NF, e lf
C7,f.

(3) [fleiice,f.

2.4. Example IL.3. Let J,,, be the limit space (J, z2) (see Defi-.
nition II-2). J,,, becomes the principal ideal limit space from [0]
Lemma I-7.

. . v~ [exp(—ay) for |z|<K,
Let E(x)=exp(—a?), EP(@)= {O for |z|>K and
o | exp(—ax) for |z|<K
B @)= {—exp(—xz) for |z| >K.
Let {E(@)}, {E@(x)} i=1,2 be the sequences {E(x), E(»), - - -}, {E@(x),
E@(), ---} i=1,2, (contained in J), and E(x), E@(x) (or E‘(x),E’}?(x))
i=1,2 be their equivalent classes respectively. Let V,(E(x); ¢, co,
{¢. € B; i=1,2, - - -, p}) be the set shown in Definition II-2.

Theorem I1.4. J,,, does not satisfy (L*).

Proof. EQ(x) and E@(x) are also contained in the sets V (E(z);
& Oo’{SDz € B; 'L=1, 2, c ‘9p})’ Vp(E%;(x); &, 00,{% € B; 121, 2’ o ,p})
respectively for sufficiently large K, and K,. If {g%(x)} and {f%(x)} are
the sequences {g%(x)} € F:'}?s(x) and {f%(x)}e E(x) satisfying ¢°(x)- f%(x)

>0 for a.e. x e (—co,c0) regardless of n, then J {19%(x)
(=0, —Kg) U (K3,)

+exp(—a)| + | fo(x) —exp(—a?) | Yda >J exp(—2z¥)dx must

(=0, —=K3) U (K3,)

hold from Max{|g%(x)+exp(—a?)|, | f%(x)—exp(—a?)|}>exp(—2?) in
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(—oo0, —Ky)U(K,, o0), and it is contradict to lim {19%(x)

n—ooyJ (=00, ~Ksg) U (Ks,0)

+exp(—a)| + | fo(2) —exp(—a?) | Pdx=0 derived from {|g%(x)—EZ(x)|
+ | @) —E@)|}e 0. Then g¢,(x)-f.(®)>0 does mnot hold for
a.e. & € (—oo,00) regardless of n (for any {gn(ac)}eE}?g(x) and any
{f(@)} e E(z)), and E@(x) is not contained in V (E(%); ¢, o, {p, € B;
1=1,2, ..., p}) for any K,>0. Since V (E(x); ¢, oo, {p; e B;%1=1,2, .-
--+,p}p for any >0 contains EP(x) for any K>K () >0, and since
Vo (E(); e, 00,{p,eB;1=1,2, .-, pD 2V EL@); &, 0,{p, e B; i=1,
2, .-, ph(Erom s E@(x) for any K>K,(¢’)>0 ete.) holds for any ¢’>0
and any K>K,(¢), we can easily see that J,, does not satisfy (L.

2.5. Example I1.4. Let () be the weakest filter in 7,f
(Ge), and G H={A,—F; A, e &)} Let z,f be the set consisting
of the filters finer than (or equal to) the one with the base G/(f).
The pair (i.e. pure A ideal) (J, ¢ A) is denoted by J ..

2.6. Definition 1I.3. 0 is defined by the set of the equiv-
alent classes consisting of the sequences contained in J satisfying

lim J‘ Jredx=¢(0) for any ¢ € B. v"*is defined by the set of the equiv-
alent classes consisting of the sequences contained in J satisfying
tim (72 pde—=lim 1/(2T)-JT oda for any ¢ ¢ B.

n— T-o -7

Let J, be the set [f; 3{f,} efeJ such that f,,-f,>0 holds for any
m,n>0 and for a.e.xc(—0d,0)]. We can easily show the concrete
element of §/2 and v contained in J.,. Namely, let

o |V for || <1/(@2n) oin_ [1/¥/m for |z|<n/2
f"(x)_{ 0 for |¢| >1/@n 141t g"(x)_{ 0 for || >n/2.
The equivalent class of {f9(x)} is contained in ¢'/* NJ., and the equiv-

alent class of {g%(«)} is contained in v2N.J ...

Theorem II.5. (a) The closure of L, in J, contains J. (b) The
closure of L, in J, contains J.., and the closure of L, in J »w CONLAINS

~

U a>oJ 3 ~ "

Proof. (a) Let { (or f) be the element in J equivalent to an ar-
bitrary element {f,; n=1,2, .--}eJ, and f, be the equivalent class to
{fus fns-+--}ed. Since, for any ¢>0, there exists a positive integer
N, such that f, e V({;e,{¢;;1=1,2,---,p}) holds for n,>N,, the
weakest filter §, ¢ z,f satisfies FNL,x¢ for all Fe (), and L,DJ
holds in J,,.

(b) Since, for any ¢>0 and for any element f e J,, there exists a
positive integer N, such that f, eV,(;e, 0,{p:;1=1,2, -, pD
holds for n,>N,, all element F' of the weakest filter &, e trf(feJ,)
satisfies FNL,%¢. Then L,DJ. holds in J,,,, L,D.J, holds in (J, z7)
and L,=U,,((L, by t7)2U,.J, holds in J,,. BecauseJ, DJ,, holds for
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0<8,<d,, and L, in (J,72) contains L, in (J,z2) for 0<§,< 3, from
T2 Thf.

§3. The axioms of separation.

Theorem I1.6. The topology t,, (or limit t,) in J does not satisfy
the axioms of separation (T, and (T,) (see [0] §1, 1.1.).

Proof. Let u(x) (—oo<ax <+ ) be a square integrable function
satisfying w(x)>0 in a set (—M,M)—(—M/2,M/2), where M>0.
Choose a sequence {u$efi® e J satisfying [ud(x)| > |u(x)| in
(—o0,0)—(—M/2,M/2) for any n, and satisfying «P(x)=0 in
(—M/2,M/2) for any n. Next let {u®*} eii® eJ be the sequence con-
sisting of the functions satisfying (u®°)?=u®%? Even if u®'xu®°
holds on a set (—M,M)—(—M/2, M/2) regardless of n, 7,u®=7,u®
holds. Then [u®]e 7,u® holds, and (T, ([0] §1. 1.1.) is not satisfied
inJ,. Here [u®] means the filter (¢ z,,u®) with the base {u®}. Since
T,uP N7, u®=7,u®x¢ also holds, then (7, is not satisfied. By
using the same u® and u®, we can easily prove that z, does not
satisfy (7)) and (T).

From the difficulty like the above impossibility of the separation,
the special decomposition and construction of the function (elements
of the sequence) has been used by us in [7] p. 340.

Theorem I1.7. L, in Jy, [1] p. 39 satisfies (T,) and (T,).

Proof. (I) Let’s show here that x=y hold from [x] € 7.

Let g € L, be an element in Ny, .~V (f; €, 00, {p;; i=1, 2, - -+, p})
(f e Ly, and let {¢%} € g and {f°} ¢ f satisfying f2(x)-9°(x)>0 for a.e.

x€(—oo0, 00). Since [(9*°— fHpdx=lim | (9% — f"epdx=0 holds for
@ 4

n—co

any ¢ € B from the corollary of Lemma 1-5, ¢*=f? holds for a.e.
2 e(—oo, 00). Furthermore, since ¢%(x)-f%(x) >0 holds for a.e
% € (— oo, 00), g— f=0 holds for a.e. x € (— o0, c0). Then N4,y .5V, (S
& 00, {¢;;1=1,2, ..., pP)=f holds. Since N, .z,4.=f holds for the
weakest filter §, in 72 f, it follows that f=g¢( ¢ L,) holds from [g] € 72 f.
Then L, in J, satisfies (T)).

(ID Since N0V (f; & o0, {005 ©=1,2, ---, pp =S holds,
N 4,e5A.=f holds for any Fe z2f. Then, if fxg (for f, g € L,) holds,
29N 72 f=¢ holds, and L, in J,,, satisfies (T,).

Let 19 be the function defined in § 2. 2.6. If {,, f, are the equiv-
alent classes of {f%(x—1/(2n))} and { f2(x+1/2n)}, Nipir.esoVo(F1s & {@s3
i=1,2, ..., pP) o f, and f,xf, in J. Then (T) and (T,) are not satisfied
in Jg,,.

A part of this paper was lectured on 23, December 1967, at the
meeting in Kyoto Industrial University for bidding Prof. Dr. J.
Greever welcome.
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