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55. On Limit Spaces and the Double Weak Limit., 1

By Hideo YAMAGATA
Department of Mathematics College of Engineering
University of Osaka Prefecture

(Comm. by Kinjird KUNUGI, M. J. A., April 12, 1969)

§1. Introduction. 1.0. Our purpose is to construct the limit
spaces (i.e. generalized topological spaces [2] p. 273) J.,, J,, and J,
defined on the set J shown in 1.2 which characterize the generalized
double weak limits (itself or with the restriction on sign) expressed by
filter. These spaces J,, J,.,, Js, and another space J, also show the
difference among the conditions which characterize the (topological)
limit space.

1.1. Let E be a set. Let 72 (by ) be the set of filters defined
on the set EF corresponding to xe . We show here the following
properties of 7o (LY)~(L*) [2] p. 273, [3] pp. 451-452.

(L) zx for any x e F is a /A ideal. Here A ideal is the set of
filters satisfying the following conditions (i) (ii) ;

(i) FJNF={FUG; Fe@), Ge @F)}erx for any F, F, € 72,

(ii) all filters ¥ finer than F, czx (i.e. (F)2(F) holds) are also the
elements of z&. Here (), (F.) and (F) are the sets consisting of the
elements of ¥, §,, and § respectively.

Hereafter let [x] denote the filter with the base {z}, and let [8(x)]
denote the weakest filter in 7 (if it exists).

(L» <z« for any x ¢ E contains [«].

(L) 7z for any x ¢ E contains [B(x)].

(LY Corresponding to a V e [B(x)] there exists an element W(CZV) of
[B(x)] such that V e [B(y)] holds for all y e W.

If ¢ satisfies (LY) (L%, (K, ) is called a limit space [2] p. 273. If
7 satisfies (L')~ (L%, (F, ) is called a principal ideal limit space. If =
satisfies (LY~ (LY, (E, 7) is called a topological space. Limit space is
L space by M. Frechet described by the filter. The following (T),) (T,)
are the axioms of separation in limit space. (T))[z]€ zy holds for any
two distinct elements x, ¥ in E. (T,) reNty=¢ holds for any two
distinct elements «, ¥ in E.

Let (E, 7) be alimit space. If § e zx, we call that Ftendstoxre E
by 7, and that z is the limit from ¥ by z. If [{z;;i=n}; x, € El
becomes the base of a filter & € rx, we say that {z,} tends to x by 7.
Let A be a set in E. A (the closure of A) consists of the points z ¢ E
such that there exists a filter ¥ € 7« satisfying FF N A0 for any F € (§).
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The purpose of the theory on limit space is to construct the limit on
FE independently of the set theory.
1.2. Letwu,elLi . ., Iflim |u}edx is finite and definite for any

n—00

fixed ¢(x) € B (B ; the space of real valued uniformly almost periodic
functions of x, where z is a real variable ; — oo <2< + c0), we say that
this L?_.. .,-function’s sequence {u,} has double weak limit [4] p. 139
denoted by d.w.B. limu,. Let J denote the set consisting of the real

n—co

valued L?_., .,-function’s sequences with double weak limit.
Let O=[{f,}; lim j flode=0 for vo(z)e BICJ. Since O is a

vector space (Lemma I-3), the equivalent class { of {f,}eJ is defined
by [{g.}; {fu—9.} € 0, {9.}eJ]. The set consisting of the equivalent
classes in J is denoted by J. O and f denote the classes O and | regard-
ed as the point in J. Let L, be the set consisting of the equivalent
classes f (or N)=[{g.}; {f—0.} €0, fe L . ., {9.3€J]. f(or f)canbe
regarded as the function contained in L?_.. ..,, and L, can be regarded
as L} .. ., Thecorresponding convergence in J to the one by original
double weak limit is the one for the sequence {u,} with the terms con-
tained in L, to ueJ. Namely d.w.B. limu,(=u) becomes Jou

n—0

=cll{u,; u, € L,}]. Furthermore, this convergence d.w.B. lim u,=u

n—o

can be extended to the one for the sequence with the terms contained

in J to an element in J. D. Judge defines the original double weak

convergence (for the sequence with the terms in L} . .,) in order to

construct a generalized Hilbert space containing 6! and ! by the

meaning of sequence [5] p. 878 which is the direct product Lj_.. .,

®@ I {ed(z—9)® 1;[< (b, expite} with the norm |>2.a.e,
i<

—oo sl
+ 2a,0%x — 5) + Tdw! exp (ita)|* = X ila, [ + L6 + Z1b.f, where
{e,;v=1,2, ... <oo} is a complete orthonormal system in L? . ...
Here v is a functional (by Y. Takahashi and by H. Umezawa) satisfy-

ing J U@ @de=lim1/@T) -j:go(x)dx for any fixed ¢ ¢ B.

1.3. Let’s show here the equivalent relation in J by using O in
§2. Example I-1 in § 3 shows the A ideal not to be limit space and
not relating to double weak limit. The weakest filter base of 7x(x ¢ E)
in Example I-1 is the family of the sets constructed by the elimination
of x from the elements of a given filter ([x]).

§2. The equivalent relation of the sequences in J.

Let J denote the space consisting of the real valued L? -fune-

(—o0,00)

tion’s sequences with double-weak limit, and O denote the zero class

[{fn} ; 1»1{2 If,fgodxzo forvpeB, f, ¢ L%_w,w)] .



No. 4] Limit Spaces and the Double Weak Limit. I 249

Lemma I.1. If ¢ € B (the space of real valued uniformly almost
periodic functions), then ¢* |¢|, o* =(p+ |¢))/2 and ¢~=(p—|¢|)/2 are
also contained in B.

Proof. Since ¢ € B is bounded and continuous [6] p. 86, ¢, | ¢,
¢*, ¢~ are bounded and continuous.
Let 1,(¢) be the number dependent on ¢ associated to ¢ >0 satisfying
lo(@+T)—@(x)|<e for a given T €la, a+1,(e)] for any real a. Since
the above numbers for ¢? |¢|, ¢* and ¢~ associated to ¢ >0 become
lo(e)=1,(¢/{2 Max (1, sup |} and I, (e)=1,+(e)=1,-(e)=1,e), then ¢’
|ol, ¢t and ¢~ are also contained in B [6] p. 93.

Lemma 1.2. If {f.}, {9.} are the elements in J, there exists a con-

stant K>0 (independent of ¢) satisfying U S gn-godx‘ <Ksup|g]| for
any ¢ € B.

Proof. Sincelis the element of B, sequences U f,“;dx} and Ug‘;,dw}
are convergent. Then|[/,-0,-¢dz|< [Iful- 10,1 Iplda< {[ 13- |o|d

+[e2-1oida} /2< [ riau+ [giaa] /2-sup |9 <K sup o] holds for
any ¢ € B, where K is a constant independent of ¢ and n.

Let {f.} and {g,} be the elements in J. {f,}+{g,}={f.L 9.} and
Mriy={ks).

Lemma I.3. O becomes a vector space contained in J.

Proof. (i) Since ¢*e B holds for any ¢eB (Lemma I-1),

lim| f2- p*do=0 holds for any ¢ € B provided that lim| f2- ¢dx=0holds

n—0 n—oo

for any ¢ € B. Since jf,f¢dx=jf3w+dx+jfj¢‘dx holds, lim jf,fgodx

—0 holds for any ¢ B provided that lim j flo*dw=0 hold for any

n—o0

¢ e B. Then, if and only if lim | f2odx=0 holds for any ¢eB,

n—oo

lim | f2p*dx=0 holds for any ¢ € B.

n—o

(i) Iflim| f2pde=1im Jgigodx:O holds for any ¢ € B, lim f2p*da

n— 00 n— o0

=lim| g%¢p*dx=0 holds for any ¢eB. Since 0<J(f,,+gn)2go+dx

<2|[rigrdn+[gr0da] and 03[+ grgdw>2 [0 da
+fgiso‘dx] hold, lim |(f.+ 9.)’¢*dx=0holds. Then limj( ot gV oda
=0 holds. Namely if {f.}, {¢.} € 0, {fu+9.} € O.

(iii) Furthermore, if limj flodz=0,lim| (& f,)pdx=1im k? j Fodw
=0 holds.
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(iv) Then O becomes a vector space contained in J.

Lemma 1.4. Let {f,}, {g.} and {h,} be the elements in J, and let
f, § and § e [{un}; {fu—u} e 0, {ua} e J, [{un}; {gu—ua} € 0, {un} e J1
and .} {hn—u,} € O, {u,} e J] respectively.

() (fated, G If {ga}ef, {fu}ed. Gid If {g.} € Tand {h,} € § hold,
{ha} et

Proof. (i) holds evidently. (i) If {f,—¢g.} € O, {g.— f.} € O holds.
Then (ii) holds. (i) If {f,— g} € O and {g,—k,} € O, { f»—h,} € O holds
from Lemma I-3. Then (iii) holds.

Classify J by O and construct the space of the classes J. Namely
the class f (or f) corresponding to {f,}eJ is [{g.}; {fn— 9.} €0, {g.}
eJ]. fdenotes the class T regarded as the point in J.

Definition I.1. Let L, denote the space [f (the equivalent class

of {f.}); 11m Ifngodx—Jf%pdx for vp € B, where f, f,e Li_.., ,,,)]

Let Ld denote the space [f (the equivalent class of {f,}); f2
=f4 fe L%—w,m)]°

Let L, denote the linear space [f (the equivalent class of {f,}); fa
=fe L., .,] corresponding to L}_., .., set-theoretically.

L, L,, L,cJ holds. Let J(@) e Li_.. .., satisfying | f(®)| 1a%0.

Since the equivalent class g of {g9,}={f, —f, f, - - -} is contained
in L,NL, L,DL,DL, holds.

Let {fx} be {f, f, ---}. {f.} and {g,} are contained in J. But, since
{fa}+H{g.}={2f(2), 0, 2f (), O, ---} holds, {f.,}+{g.} is not contained
inJ. Then J (consequently J) is not a linear space. But J and J
contain the various linear subspaces. For example, 0cJ and ngj

are linear subspaces in J and J. If lim j S 9n-dx for given two

{fa}s {9} € J becomes finite and definite for any ¢ € B (other than the
inequality in the result of Lemma I-2), {f,}+{9.} € J holds.

Lemma 1.5. Let {f,}, {9.} be the elements in J, and let {h{}, {hP}
be the elements in O. If a pair {fahs {92} ) has a definite and finite

limit lim J Fu-Gn-@da for any @eB, lim j( Fot hD)-(gn+h®) - odw

n—

=lim | f,-g.0dx holds for any ¢ € B.

n—o0

Proof.
18- g [ a1 0, gl <y [ gt [
andUh‘“ h® . godx' Ih“)“’dx jh‘“ ‘dx hold for any ¢eB from

Schwarz inequality. Since ¢* is also an element in B for any ¢ € B
(Lemma I-1), lim fn-hif’-quleimjh;})ogn- pdr = limjh,‘}’~h§3)-godx

n—oco
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=0 holds for any ¢eB, and lim |(f,+AhP)-(9.+RD) @dx

n—oo

~lim {Ifn~gn-¢dx+jhg)-gn~godx+jfn~h§3’~godw+Ih;}%hg)-godx} —lim

n—o N0

jfn~gn-(pdx holds for any ¢ € B.

Corollary. lim |(f,+hP)edx=1im | fiodx holds for any ¢ e B

n—oo

and for any given {f,} € J and {h{} e 0.
Furthermore, it follows from this Lemma I-5 that the inner prod-
uct {f, g> of two elements {, g € J equivalent to { f,}, {9.} € J respectively

(with the definite and finite lim j S 9. @dx for any ¢ € B) can be de-

n-—c0

fined by lim | f,,-9,-1dx for any given {f,} ef and any given {94} € 8.

n—o

Because it determines unique limit (if it exists) independently of the
choice of two elements {f,} and {g,} contained in T and § respectively.
The orthonormal sequences in J by (f, g> can be also defined.

§ 3. A ideal not to be a limit space. Let §,, ¥, be two filters
contained in 7a (x € F) relating to a limit space (F, 7).

Lemma 1.6. §, NG, consists of the elements in (F,) N (F,).

Proof. If K is an element of (§, Ng,), K=F UG holds by F ¢ (%))
and Ge (§,). Since FUGDF and FUGDG hold, FUG e (FIN(Fy
holds from (F,) in the filter’s definition [1] p. 82. Namely K¢
@IN@). EKe@FINGE), Ke(F)andKe(F,). Since K=KUK, K
is the element of (F,NF,).

Lemmal.7. Lettax={%; F=Tw(x)} be the set of filters constructed
from a fixed filter F(x). If any element of Fy(x) contains xec E, tx
satisfies (L") (L») and (L*) shown in § 1, 1.2.

Proof. If & >F(x) and F,>F(x) hold (.e. (F), (F)2(F(2))),
TN F,DOF(x) also holds from Lemma I-6. Then zx satisfies the con-
dition of limit space (L") (i). Since § satisfying F> for a given Fe rx
is contained in zx (from z«’s definition), (LY (ii) evidently holds.

Since any element of ,(x) contains «, [x]>F,(x) also holds. Then
tx satisfies (L?). Since F,(x) is the weakest filter in zx, za also
satisfies (L%).

Example I.1. Let (¥, 7) be a limit space such that there exists
a filter § € 7o not equal to [x]. Let {A,—x} be the family of (nonvoid)
sets constructed from a filter F={A,} e & in (¥, 7) not equal to [x].
Since (A, —2)N(A;—x)=(A,NA,—x) e {A,—x} holds from 4,, 4, € (F),
{A,—x} becomes the base of a filter. Let F~* be the filter with the
base {4,—x}, and 7 be the set of filters {F; F>F ).

Theorem 1.1. The above space (E, ) satisfies (LY), but it does
not satisfy (L?).
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Proof. (i) Let §® and §® be two filters finer than the one with
the base {A,—x}, where §={A4,} € vz (not equal to [z]). Since F® NF®
is also finer than the one with the base {4,—2}, F® NF® e Zz holds.

(ii) If § is the filter satisfying F<F by Fe 7z, § ¢ 7a holds, for
F=F=>F“* holds.

Here ¥~ is the filter with the base {4,—x} by F={A,} e 72 (F=x[zx].
Then (E, 7) satisfies (L') from the above (i) (ii). Since ([x])2(F“>)
(i.e. [x]2F-), [x] ¢ Tz, and (E, T) does not satisfy (L.
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