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Introduction. In linear wave propagation problems which are
time-independent and which take place in unbounded domain, it is in
general not possible to characterize the solutions having the desired
physical characteristics by imposing only boundedness conditions at
infinity. To do so it is necessary to impose sharper conditions at
infinity called the radiation conditions.

The radiation conditions have been discovered by Sommerfeld [5]
for the reduced acoustic equation (Helmholtz equation) and by Silver
[4] and, independently, by Miiller [3] for the reduced Maxwell equations
(vector Helmholtz equation). On the other hand, in the previous paper
[2] the author gave a new formulation of the radiation condition
applicable to general hyperbolic systems of Maxwell type, and used it
to develop the spectral and scattering theory for the systems in an
exterior domain. The acoustic and Maxwell’s equations are typical
examples of systems of Maxwell type, which suggests that the radiation
condition defined in [2] implies both the Sommerfeld and the Silver-
Miiller radiation conditions. The subject of this note is to verify this
by proving that our definition limited to the acoustic (resp. Maxwell’s)
equation is equivarent to Sommerfeld’s (Silver-Miiller’s) one.

1. A radiation condition for reduced systems of Maxwell type.

Let us consider symmetric systems of the form

ou

(1) Au= Z A, = =lu

ox;
in an exterior domain G of R*(n>2). Here A is an arbitrary non-zero
complex number, u=u(x) is a C™-valued function of x=(x,, z,, - - -, x,,)

e G, and A, are m X m Hermitian symmetric matrices with the property

The matric A(§)= f A ;£ ,(§ e R*—{0}) is isotropic, that is,
k

(2) det[A(§)—AI,]= ﬂ (z,|&| =A™, Z
where I, is the zdentzty mC™, t,andm,(v=1,2, .-, k) are constants,
and |&E|=(&3+&2+ -+ &2, We say that the operator A is of
Maxwell type if the matrix A(&) is isotropic (cf., Wilcox [6]).

We lavel {z,} in decreasing order:
(3) 11>Tz>"'>fk.
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Then it follows easily that

(4) T,=—Tgope aNd M=, ;.

Thus 7,#0 for each v if k is even, and 7 4,,,,=0if kis odd. We denote
by P,(&) (v=1,2, --., k) the projection in C™ onto the eigenspace of
A(&) corresponding to the eigenvalue 7,|§|. P, (&) is an mXm
Hermitian symmetric matrix obtained by

— -1 - -1
PO= § A@—a,17dz,

where I', is a small circle about the point z,|&| containing no other
point of {r,|&]}. P,&) is a homogeneous function of § ¢ R"—{0} of
degree zero and

(5) Pv(—E)ZPk—v-l-l(S), P<k+1)/2(_‘S)Ip(kn)/z(é)-

We define the projections P, (£) and P_(§) in C™ as follows:
[k/2]

(6) P.(5)= }_:{ P(+8).
Then it follows that
(7) P.(&)+P_(E)+ Py (E)=1,.
Here P ;,,,,(§) is the projection onto the null space of A(£), and we
have put P ;,,,,(§)=0 if k is even.

Now the radiation condition defined in [2] for the operator A can
be stated in the following form:

Definition. A solution u=u(x, ) of equation (1) in an exterior
domain G is said to satisfy the radiation condition if it behaves for
x| large like

[R.C.1].

w(x, A)=0(z|~ "7,
{{I’”—P* (.Zﬂ)}m A=olz[ "%,

The subscripts “+” and “—> denote the “incoming’” and “outgoing”
radiation conditions, respectively.

[R.C.1]. is satisfactory from the viewpoint in that it leads to
boundary value problems associated with the operator A having unique
solutions (see [2]; Theorem 3.1, Lemma 4.1 and Theorem 4.2). In the
simplest case, i.e., when G=R", the uniqueness property can be stated
as follows ([2]; Corollary 3.1):

Proposition 1. Let f(x) be a C™-valued square integrable function
having o bounded support in R*, and ¢ be any non-zero real number.
Then the solution u=u, of the equation

(8) Au—iocu=f(x) in R™
which satisfies [R.C.1]. is unique, and is given by
(9) u, () =lim u(x, g +1i¢),

e—+0
where w(x, g +1¢) is the square integrable solution of (8) with ¢ replaced
by o1 (6>0).
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2. The case of the reduced acoustic equation.

Let p=p(x) satisfy the reduced acoustic equation
(10) P+ pip=0
in an exterior domain G of R®, where p?is an arbitrary non-zero complex
number and p is the square root of p* which satisfies Im £>0. The
Sommerfeld radiation condition for p is given as follows:
{p(x):O(lxr‘)

[R.C.2]. (@) (as |2|—o0).

+iup@)=o(x|™)

0|z
On the other hand, (10) can be rewritten as a 4X 4 matrix system for
w— ( dp dp dp
ox, ox, 0x,
where i=+/—1, and if M is a matrix, M* denotes the transpose of M.
Then the equation has the canonical form
11 Au—Au=0
with A=1iy and

0 0 0 D
3 0 0 0 D 0
12 A= A,D,= : (D=_~).
(12) n4D= 0 o o p D
D, D, D, 0

Lemma 1. A C*valued function u=u(x) satisfies (11) with A=1ip
in G if and only if u has the form u=Fp, ipp)* with p satisfying (10)
n G.

Proof. It is sufficient to prove the “only if” part. Suppose that
w= Uy, Uy, U, u)*= (%, u,)* satisfies (11) in G. Then it follows that
a3) Vu,=ipu and V- -t=ipu,.

Substituting the first equation az—_l—V u, into the second equation, we
(74
get Vu,+ p*u,=0 in G. Thus, if we put 'p=~,Lu4, then 4=Fp and
9

hence u=(Fp, ipup)*. q.e.d.
We put
3 o e
_ 0 & }
14 A= = )
a9 G Sl
& & & O
Then, since
(15) det [A©)— AL1=2(—IED= [] (@ )EI—D™,

where 7,=1, 7,=0, 7,=—1 and m,=1, m,=2, m,=1, the operator A
defined by (12) is of Maxwell type.
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Lemma 2. [R.C.1], for A defined by (12) can be represented as
follows :

{u(x)=0(lwl‘l);
[R.C.1],.

{A (I_zl) iL] u(@)=o(x|™)

Proof. Since the inverse of the matrix A(§)— A1, is obtained as

R S —&& 26

(as |z]|—o0).

o 1 —E8  G+E-1  —£E 2
A L 8 253 2|
[(‘S) ALl 2(22 52) "‘83&1 _53‘52 5?-&-55-22 /253
251 252 2‘53 — A2
we have easily
Pl(e)=P3(_g)=§1_{(5~)€* —1&1&*}
EFL—1e1e.  jep
P&)= —12 [EXEX)* 07
I§] 0 0

Note that P,(+&)P,(£)=0. Then the second condition of [R.C.1], is
equivalent to

{I —P. (m)} +P1(+m)u—{zpl( |x|>+P2(1x|)}uzoqxl_l)'

Here
I +“3_>k
x\_ YT el x
2P( |x[)+Pz<To_c~|)_ il_xi. 1 A( —|—|)+I4
x
since —EX(EX N+ (E-NE=|ESf for every f in C°. q.e.d.

Now our problem is to prove the following
Theorem 1. [R.C.2], and [R.C.1], . are equivalent.
Proof. By Lemma 1 we can put u=Up, ipp)* in [R.C.1], . :
wp——+ [Vpl*
x || .
{a(Z)efu=| 5 =o([™).
|| lpl +ipp
Thus, in order to show the theorem, we have only to verify that
Vp=0(z|™") and iﬂp%in=0(lxl'l)
if p=p(x) is assumed to satisfy (10) in G and [R.C.2],, which are

evident since p(x) can be represented for |z|>p+1 (large) as
- Firlz-yl
p(z)=—L T ray)p@) +Vaw) -Fo@)}dy
Az Joe<iyi<orr |X—Y|
by use of the Green formula (cf., e.g., Mizohata [1], Chapter VIII),
where a(x) is a C= function which is identically one for |z|>p+1 and

vanishes inside the ball {|z|<p}. q.e.d.
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3. The case of the reduced Maxwell equations.
Let u=(e, m) satisfy the reduced Maxwell equations
(16) { l7><m—-‘i/w=0
—FXe—tum=0
in an exterior domain G of R’, where p is an arbitrary non-zero
complex number which satisfies Im £>0. The Silver-Miiller radiation
conditions for u=(e, m) can be written as follows:

e(r)=0(x|"); m(x)=0(z|™");

X —_— - -1} .
[R.C.31. WX(VXe)+me_o(lx| )

%X(VXm)$i)am=o(|x|"l), as |z|—oo.
x

The matrix A(£) corresponding to the Maxwell operator
[ 0 V(?] are the following :

—rXx

(11)1(5)=[ O, PO where BE= 5o e
B9 o b & & 0 '

Since

as) det [A©)— A=A X —|E D' = [] (. I€1- 2,

where 7,=1, 7,=0, 7,=—1, the Maxwell operator is also of Maxwell
type.
Lemma 3. [R.C.1], for the Maxwell operator can be represented
as follows:
w@)=0(=[™";
[R.C.1]y,. {A (__gf_) ilﬁ}%(x)=0(|x|'l) (as |2]—o0),
E
where u=_(e, m)* with e and m being C*-valued functions.
Proof. The inverse of the matrix A(§)— Al is obtained as
1 1 RE, D SE, D
[A®) -] = ,
© ] AR—|EP) [S(—S, ARG, 2)]
where
G- &&  &ié
R, H=R(-¢, 2)=[€z$1 -1 &4 }, S, H=B(—25).
&6 &S &-X
From this it is not difficult to see that
_ =1 [IEXEX)* +[E[(EXD)*
P(+8)= :
(=9 21&F [$I$I (Ex)* [$><(€><)]*]
L@ 0 ],
0 (§-)é*

P,(&5)=
) H;
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Thus, by the same reasoning as in the proof of Lemma 2, we can
conclude the assertion of the lemma. q.e.d.
For u=(e, m), [R.C.1]y,. can be rewritten as
e@)=0(z");  m@)=0(xz|™);
[R.C.3]. x x
I—xlx exm=o(x|™"); ]—x—l
This is equivalent to [R.C.3], if u=/(e, m) satisfies (16) for |xz| large.
Thus we have the following

Theorem 2. [R.C.3]. and [R.C.1],, . are equivalent.

Xmte=o(z|™).
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