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88. An Example of Temporally Inhomogeneous Scattering

By Atsushi INOUE
Department of Mathematics, Faculty of Sciences, University of Tokyo

(Comm. by K6saku YOSlDA, M. J. A., June 12, 1973)

1. The result. Consider a system of linear partial differential
equations

(1.1) 3u(x, t) A(x, t) 3u(x, t) + B(x, t)u(x, t).

Here u--(u,...,u) is an N-vector of unknown functions of x and
t A(x, t) and B(x, t) are N N matrix functions, and A(x, t) are as-
sumed to be Hermitian symmetric.

In order to guarantee the existence and the uniqueness of the solu-
tion u(x, t) e :(L(R)) (HI(Rn)) of (1.1) with Cauchy data u(x, O)
=u0(x) e H(R), we assume the following (see [5], [6])"

(I) (a) The maps tA(.,t) are continuous on (--c,c) to

t-B(., ) is continuous on (--c, c) to _(R) and
B(x, t) e (Rn (-- c, c)), ]-- 1, 2, ..., n.
3x

Here _*(R) is the set of all N N-matrix valued functions A such that
A and DA, Ial<=l are continuous and bounded on R.

We further consider two systems of linear partial differential
equations given by

(1.2) u+(x, t) A u(x’ t) + Bu+(x, t)

where A] are NN constant Hermitian symmetric matrices and B
are N N constant matrices satisfying B + (B)* =0. (F* denotes the
Hermitian conjugate matrix o F.)

We assume that (1.2) are close to (1.1) near Itl=c in the follow-
ing sense.

(II) There exists a function (t) e L( c, c) satisfying
(1.3) IA(x, t)--A?l_(<=(t), IB(x, t)--B+/-l_()<=(t) for tX0.
We define an operator U(t; s) by U(t; S)Uo=U(x,t) where u(x,t)
e (L(Rn))t(H(Rn))is a solution of (1.1) with Cauchy data Uo(X)
e H(R) at time s. We define the operators U(t; s) analogously. By
the energy inequality, expressed in Lemma I and Lemma 2 below, the

1) u(x,t) eS(H(Rn)) means that u(.,t) is a H(Rn) valued function of t,
/-times continuously differentiable with respect to t in H(Rn)-norm.
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operators U($; s) and U($; s) are well defined and are extended as the
bounded operators in L(R). Our Theorem 1 reads as ollows"

Theorem 1. We assume (I) and (II). Then, $here exis$ operators
W+/-, *W defined as follows"
(1.4) *W+-lim *W/(t), *W/(t)-U(O; $)U($ 0),

t

(1.5) W_ =lim W_(t), W_()= U(0 )U;( 0),

(1.6) W+ =lim W+(), W+()- U(0; $)U:( 0),

(1.7) * W_ lim * W_(t), * W_()- U(0 )U($ 0),

limits being $aken in L(R).
In order to state our Theorem 2, we introduce another notion of

solutions.
Definition. A function (x, t)e (L2(R)) is said to be wek

solution of (1.2) if it satisfies

t)ax-
R JR

(1.8)

R T =1

or any s, t e (--, ) and (x, t) e t(L (R)) C(H(Rn)).
Then, we have
Theorem 2. We assume (I) and (II). Let u(x,t) et(L(R ))

(H(Rn)) be a solution of (1.1). If there exists a function u-(x, t)
e C(L2(R)) which is a weak solution of (1.2)- satisfying

(1.9) lim u(x, t) u-(x, t)IL(R) O,

then there exists a uniquely defined function u+(x, t)e C(L2(R)) which
is a weak solution of (1.2) + satisfying

(1.10) lim ]u(x, t)--u+(x, t)IL(R)=0.
t

2. The sketch of the proofs. We prepare the following two
lemmas.

Lemma 1. Let u(x, t)e (L2(R))(H(R)) be a solution of
(1.1). Then we have,

(2.1) ,u(x, t),exp (:(s)ds) ,u(x, 0)

(2.2) u(x, t)I + u(x, t)

, vII= (v, v) [ v(x)v(x)dx
R

where u(x, t)= 3u(x, t)
x

Proof. We have
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(Aj(x, t)-- A)uj, u)

(2.3)
+Re ((B(x, t)--B+/-)u, u)+ Re( A]u+ B+/-u, u)

<= (t). u(., t)II.
Thus, since the inequality r’(t)<=(t)r(t) for non-negative integrable

functions implies r(t)Nr(0)ex (I,()g), we obtain (.1).

Assume further that u(x, t) e (H (R )) (H(R)).
have

]U(’,t)] I--IRe (= (A(x, t)--A)u, u)
Then, we

+ Re ((B(x, t)--B)u, u)
(2.4)

Combining this with (..g) and (1.8), we have

d(2.5)
(+.(t (., t + (., tl

=1

As in the ease of (2.1), we obtain (2.2) from (2.g). Using the Priedrieh
mollifier with respect to z, we ean remove the additional regularity for
(, t). .N.D.

Lemma Z ([1], []). Let (, t) be we oltio o (1.2). The
e

oreoef, i (, t) e (L (R)) (N(R)), e have

Proof.
in L(R)-norm. Define p(, t)= Ug(t, )(). Putting p(, t) in (1.8)
in laee of p(z, t), we obtain

ending m to , and using the Sehwar inequality, we have

As t and are taken arbitrary, we have (2.6). Similarly as in the
roof of (2.2), we obtain (.7) immediately. .N.D.

Proof of Theorem 1. Nor () e H(R), we can differentiate
W.(t), given by (1.4) and we obtain
*W.(t),-,
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Since u0 e H(R), we have (i) U(t O)uo e HI(Rn), (ii) [. ]U(t; O)uo is
continuous in t and (iii)I] ["" ]U(t; 0)u011 is integrable on (0, c) by (1.3),
(2.2) and (2.6). Therefore applying Theorem X.3.7 o T. Kato [4], we
can prove that there exists *W/-*W/(c).

Analogously, we prove the existence of the operators W/, W_ and

Pool of Theorem 2. By Lemma 2, we obtain the following re-
presentation for the weak solution u(x, t) of (1.2)
(2.8) u(x, t)-- U(t s)u(x, s).
We also have
(2.9) u(x, t)- U(t s)u(x, s).
Therefore, by (1.7), (1.9) and (2.1), we obtain u(x, O)--W_u-(x, 0), be-
cause we have

u(t O)u(x, o)- u(t O)u-(x, o)II
=11 u(t; 0)[u(x, 0)- u(0; t)u;(t; 0)u-(x, 0)]11

>__exp

Thus, by defining u/(x, t)-- U(t; O)(*W/)W_u-(x, 0), we prove immedi-
ately that u/(x, t) satisfies (1.2) + and (1.1). Q.E.D.
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