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1.
evolution equation

( ) -(a--i--b(x, t)Ox)u(x, t)--O,
u(x, O)=uo(x),

where

Introduction. We consider the Cauchy problem or an

b(x, t) e o(), Uo(X) e

(x, t) eR [0, T],

Under what conditions is the Cauchy problem (.) well posed?
In the case where b(x, t) is constant, Hadamard’s condition shows

that the necessary and sufficient condition or the Cauchy problem
(.) to be well posed is that the coefficient b is a real number (see
Theorem 5.3 in S. Mizohata [2]). In the case where b(x, t) is a real-
valued function, it is easy to see that the Cauchy problem (.) is well
posed in _q). In the case where 5m b(x, t)O, as we shall see below,
the situation is much more delicate. In order to make this situation
clear, we assume that b(x, t) is a unction depending only on x, denote
it by b(x)"

(**) (t--i--b(x)x)u(x, t)--0 (x, t) e R1X [0, T],
u(x, 0) =u0(x).

As we mentioned above, if we fix x0 such that 5m b(xo)# O, then the
Cauchy problem for the tangential operator (i.e. operator freezing the
coefficients) Ot--i3--b(xo)O is not well posed in .q). But in the case
where the coefficients depend on x, the situation is different. The
ollowing assertion holds:

Assume that m b(x) belongs to LI(R1). Then the Cauchy
problem (**) is well posed in ).

To see this, it is sufficient to note that the linear mapping

)() u(x, t)v(x, t)--u(x, t) exp 5, b(y)dy e()

is one-to-one, onto, continuous and that v(x, t) satisfies the equation

I(at-i3-e b(x)3 + c(x))v(x, t)=0,
I(***) iv(x, O)=uo(x) exp (-_ qm b(y)dy),
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i i (qm b(x))+ 1 ( b(x)) (qm b(x)) andwhere c(x)= - (qm b(x))’+

that the Cauchy problem (***) is well posed in _q).
On the other hand, suppose that Iqm b(x). 0 for all x R, then

the Cauchy problem (**) is not well posed in (see the following
theorem).

Let
(1.1) 3tu(x, t)-a(x, t; D)u(x, t)=0
be an evolution equation defined on (x, t) e R [0, T] where

a(x, t D)= a(x, t D),
j=O

a(x, t; D)-- a(x, t)D, a(x, t) e (),

,-(,,’’ ", ,t) is multi-index of non-negative integers and

We are concerned with the Cauchy problem for (1.1).
Our purpose of this article is to prove the following
Theorem. Suppose that there exists an integer p (lpm-1)

such that the following conditions hold"
(C1) a(x, t D), ., a+(x, t D) are differential operators whose

coecients are independent of x. Denote a(x, t D) by
a(t D) for p+l]m.

(C2) a(t;)Ofor(t;)e[O,T]xR,p+lJm.
(C3) there exist o e S-= e Rt =1} and to e [0, T) satisfying

(1.2) inf a(x, to o) O.

Then the forward Cauchy problem for (1.1) with initial data
is no$ well posed in in any small neighborhood of t=

This theorem is proved by the localization of operator and energy
inequalities whose method was developed by S. Mizohata [1] (see also
I. G. Petrowsky [3]).

2. Localization of she opera,or (x, t D). Condition (C3)
implies that there exist T0(> t0), 3>0 and a neighborhood V(0) of 0
such that
(2.1) a(x, $ ) for (x, $ ) e R [t0, T0] V(0).
We can choose > 0 such that

U(0) { -0<4} V(0).
Define () e C(R) such that supp [()] U,($0), ()= 1 on U,(0) and
0() 1. We put
(2.2) a()=(/n)
and define convolution operators e(D) and (D) as ollows"
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(2.3)

where

(D)u(x) -1[0n()()],
() ’--(D)u(x)= [a)()fi()],

)() ().

We take a C-mapping rom S- to S- such that
i) g(’) e U,(0)S-, (’=/),

ii) (’)=’ on U,(0).
For any e R, we define () (’)

Define a pseudo-differential operator 5(x, t; D) whose symbol is
(2.4) 5(x, t; )=a(x, t; ()).
Then we have
(2.5) 5(x, t; D)((D)u)=a(x, t; D)(n(D)u).
By the construction of 5(x, t; ), we have
(2.6) 5(x,t;)] or (x,t; )eR[to, To]R,
(2.7) (5(x,t; D)(an(D)u),a(D)u)n]]anU (>0).. nergy inequality. Applying an(D) to (1.1), we have
(3.1) 3t(an(D)u)=a(x, t D)(a(D)u) + [an(D), a(x, t D)]u.
From this equation we obtain the following

Lemma. For u(x, t) satisfying (1.1), the energy inequality
d(3.2) la(D)u[6n’]anU]] Cn
a

holds (for n large) where is a positive constant independent of n, C
is a constant independent of n (from now on we denote various con-
stants independent of n by C) and where . is L(R)-norm. More
generally, for ,k, we have

d (n)u]]>n[] (n)u[]n(3.3) dt
Cn

Proof. In view of (C2), (2.5) and (2.7), from (3.1) we have

(3.4)

dt11(D)ull=2 (a(x, t D)(au), au) / 2 ([fin, a]u, finu)

>__ -n" On(D)u -2 ]nU II" [Ofn, a]U II. (for n large)

dt
1

_
4n_ ][, a]u .-[lanUll_n I(D)ull

Now, we shall estimate the commutator term [a, a]u.
Expanding the commutator, we have

(3.5)

where Da(x, t; D) is a differential operator whose symbol is
Da(x, t; ).
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In view of (C1), the order of Da(x, t;D) is p, thus we have
(3.6)
From (3.5) and (3.6), we have
(3.7)

(3.2) follows from (3.4) and (3.7).
Replacing (D) by ’) (D), we obtain the inequality (3 3).
4. Proof of the theorem. Suppose that the Cauchy problem

for (1.1) with initial data at t-t0 is well posed in.
At first, we choose a/unction ()e C such that the support of

() is contained in a neighborhood U(0) of the origin and ()0,
Then ()=1 the of (-0). Let denoteon support US

+(x) ff-[()] Define a sequence u(x, t) of solutions of (1 1) with
initial data
(4.1) u(x, to)=eo(x).

By hypothesis, there exist a positive integer h and a positive con-
stant C such that
(4.2) u(t) CI u(t0) ]l C’n.
We replace u(x, t) in the section 3 by u(x, t) and take =h.

Define

(4.3) S(t)= M’ll’)(D)u(t)l for sufficiently large M.
1 =0

From (3.2) and (3.3), we have
d S(t)>nS(t)_Cn_,(4.4)
d

where is a positive constant independent of n.
Thus we obtain

Proof. Since ()= 1 on sup [(-0)], we have

h

Finally, we have
(4.6) Sn(t)oen’ct-t) for large n
where 0 and are positive constants.

On the other hand, from (4.2) and (4.3), we have
(4.7) Sn(t) Cn.
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For any t (tot To) and large n, (4.6) and (4.7) are not compatible
which is contradiction. This completes the proof of the theorem.
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