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30. A Necessary Condition for the Well-Posedness of
the Cauchy Problem for a Certain Class
of Ewolution Equations

By Jiro TAKEUCHI
Iron and Steel Technical College

(Comm. by Kinjiré KUNUGI, M. J. A., Feb. 12, 1974)

§ 1. Introduction. We consider the Cauchy problem for an
evolution equation
(%) {(at_iag— b(x, )9, )ul(zx, t)=0, (x,t) e R* x[0, T1,

w(, 0) =wu,(x),
where
b(@, 1) € EAB), @) e Dyny Oh=-2) 0y=-0_.
at ox

Under what conditions is the Cauchy problem (x) well posed?

In the case where b(z, t) is constant, Hadamard’s condition shows
that the necessary and sufficient condition for the Cauchy problem
(x) to be well posed is that the coefficient b is a real number (see
Theorem 5.3 in S. Mizohata [2]). In the case where b(x,t) is a real-
valued function, it is easy to see that the Cauchy problem (x) is well
posed in 93,. In the case where Jm b(x,t)x0, as we shall see below,
the situation is much more delicate. In order to make this situation
clear, we assume that b(z, t) is a function depending only on x, denote
it by b(x):
(+4) {(6;——@'33, —b(x)ou(x, t)=0 (z,t) e R*x[0, T],

u(x, 0) =u,(x).
As we mentioned above, if we fix x, such that Im b(x,) 20, then the
Cauchy problem for the tangential operator (i.e. operator freezing the
coefficients) 9, —10% — b(x,)d, is not well posed in 95.. But in the case
where the coefficients depend on x, the situation is different. The
following assertion holds:

Assume that Im b(x) belongs to LNRHYNB>. Then the Cauchy
problem (xx) is well posed in D3,.

To see this, it is sufficient to note that the linear mapping

ENDz) 3 uta, H—v(e, =u@, ) exp (1 [ In bW € €Dz

is one-to-one, onto, continuous and that v(«, t) satisfies the equation
{(at — 102 — Re b(x)0,+ c(@))v(z, t) =0,

(x%) v(x, 0)=u,(2) exp (_;—Iiw Im b(y)dy>’
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where ¢(z) = % (In b@)) + % (I b))+ —;- (Re (@) (Im b)), and

that the Cauchy problem (sxx) is well posed in 9z..

On the other hand, suppose that | Im b(x)|=6>0 for all x € R', then
the Cauchy problem (xx) is not well posed in 93, (see the following
theorem).

Let
1.1) du(x, t)—a(x,t; Dyu(e,t)=0
be an evolution equation defined on (x, t) ¢ R* X [0, T] where

a(z, t; D)=Y, a,(x, t; D),
7=0

aj(x) t; D): Zj au(x, t)Dp’ a’p(xy t) € 82(Qw)’

Iv[=

Do (=il mil), De(—il Y (=il Y
0, ax, 0%, ox,
v= (v, - - -,y is multi-index of non-negative integers and
y|=v+ -+ 4.

We are concerned with the Cauchy problem for (1.1).
Our purpose of this article is to prove the following
Theorem. Suppose that there exists an integer p A<p<m—1)
such that the following conditions hold :
(C)) au(z,t; D), ---,0,,,(x,t; D) are differential operators whose
coefficients are independent of x. Denote a,x,t; D) by
a,t; D) for p+1<j<m.
(C2) Reayt; =0 for (¢;8el0, TIXR, p+1=j<m.
(C3) there exist & e Si*={ e R'; |¢|=1} and t, ¢ [0, T) satisfying
1.2 ig’t Reay(x,t,; &)>0.

Then the forward Cauchy problem for (1.1) with initial data at t=t,
is not well posed in D3, in any small neighborhood of t=t,.

This theorem is proved by the localization of operator and energy
inequalities whose method was developed by S. Mizohata [1] (see also
I. G. Petrowsky [3]).

§ 2. Localization of the operator a,(x,?; D). Condition (C3)
implies that there exist T'\(>t,),0,>0 and a neighborhood V(¢&,) of &,
such that
2.1 Reay(z,t; =08,  for (x,t; &) e R*X[ty, Tl X V(&).

We can choose ¢>0 such that
U,.(&)={¢; [5—50[<45}C V(&y.
Define a(&) € Cy(RY) such that supp [a(&)1C U, (&), a(&)=1 on U,&,) and
0=a(®<1. We put
(2.2) a, (&) =alé/n)
and define convolution operators «,(D) and «@(D) as follows:
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2.3) a(Dyu(@) =F " an(OUE)],
' P (Dyule) =F e ©US],
where

AP (@)= ( = ).

We take a C*-mapping 4 from Si—* to Si~* such that
D 0N e Ul NSi, (§'=¢/1€D,
i) 6(&)=¢ on U,(&).
For any ¢ e R!, we define 6(£)=6(£)|¢|.
Define a pseudo-differential operator a@,(x, t; D) whose symbol is

(24) dp(x, t; é) =a'p(x’ t; 0(&))'
Then we have
(2.5) a,(x, t; D) e ,(D)w)=a,(x,t; D)(a,(D)w).

By the construction of @,(x,t; £), we have
(2.6) Redy(x,t; &) =0,/  for (x,t; &) e R X[t, TIXR,
2.7 Re (@y(x, t; D)an(D)u), o, (D)) Z 607 || oty e ||* (0,>0).

§ 3. Energy inequality. Applying «,(D) to (1.1), we have
@E.1 0y (an(DYw) =, t 5 D)(oen (D)) + [ty (D), a2, £ ; D)]u.
From this equation we obtain the following

Lemma. For u(z,t) satisfying (1.1), the energy itnequality
(3.2) -c%llf)fn(l))uI|2¢3s7L"llr)twllz--Cn”1 § [| o (D)u|*— Cn?=2 %+ ||
holds (for n large) where 9§, is a positive constant independent of n, C
is a constant independent of n (from now on we denote various con-
stants independent of n by C) and where | -|| is LARL)-norm. More
generally, for |v|<k, we have
3.3) c(lit |a@(D)u|? = osn? || a®(D)ul|* — Cn? |u»+1§u'|sk |l u |

__Cnp—z(ku)”uI‘lz.
Proof. In view of (C2), (2.5) and (2.7), from (3.1) we have

——IIOtn(D)uII2 2 Re (af, t; D)ayt), o) +2 Re ([, alu, a,u)

g%wn%(D)mr—znanuu-n [etn, alull.  (for n large)
3.4) 2 aulpz L om? | e Dyul— L0 (e, alul,

Now, we shall estimate the commutator term [«,, a]u.
Expanding the commutator, we have

3.5) [an, alu= 3 L Dra(e, t; D)a(D)u+ Ru(w),

1<hvi<k 1,}

where D:a(x,t; D) is a differential operator whose symbol is
Doz, t; 8).
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In view of (C1), the order of D%a(x, t; D) is p, thus we have

(3.6) [Be@) || = Cn?= %D [ul|.

From (3.5) and (8.6), we have

3.7 ey, aJulfZCn? 3 || a@(D)u|]f 4 Cr?P-2E+D |1y |2,
1L vk

(3.2) follows from (3.4) and (8.7).

Replacing «,(D) by o (D), we obtain the inequality (3.3).

§ 4. Proof of the theorem. Suppose that the Cauchy problem
for (1.1) with initial data at t=¢, is well posed in 9s..

At first, we choose a function (¢) € Cy such that the support of
V(¢) is contained in a neighborhood U,0) of the origin and (£)=0,

f*ff(é)dé:l. Then a(¢)=1 on the support of J(£—¢&). Let us denote

P(@)=F'[¥(&)]. Define a sequence u,(x,t) of solutions of (1.1) with
initial data
4.1) U (2, T) = "= éoyn().

By hypothesis, there exist a positive integer & and a positive con-
stant C such that
(4.2) . DN=Cllu, )| =C'n".
We replace u(x, t) in the section 3 by u,(x, t) and take k=h.

Define

4.3 S,@t)= i M@ e (D)u,(B)|]? for sufficiently large M.
lv]=0
From (8.2) and (3.3), we have

(.4) i&wgmmmycm%

where 4 is a positive constant independent of n.
Thus we obtain

(4.5) Sn(t)g{sn(to)__g_ ,n-—Z}eanP(t—to)

Lemma. S,(t)=]v[?>0.
Proof. Since «,(&)=1 on supp [{(&—né&,)], we have

Sult)= ; MM [« (D)(e= oy () |

= 3 M@V —ne)?
=||an(s)«1?(e—néo)||2+ls;ﬂM'"'||a$:>(e)«if(e—n$o)nz

=((E—n&)|*=| v [*>0. (Q.E.D.)
Finally, we have
(4.6) S, () =d,etnr -t for large n
where §, and J are positive constants.
On the other hand, from (4.2) and (4.3), we have
“.7 S,@®) < Cn®,



No. 2] Necessary Condition for Well-Posedness 137

For any t (t,<t<T,) and large n, (4.6) and (4.7) are not compatible

which is contradiction. This completes the proof of the theorem.
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