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133. On the Fundamental Units of Real Quadratic Fields
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College of General Education, Chukyo University

(Comm. by Kenjiro SHODA, M. J. A., Oct. 12, 1974)

1. Let Q(WD), (D>0 square-free rational integer), be a real
quadratic field and put D=n*+7r (—n<r<mn). Then, if 4n=0 (mod 7)
holds, the fundamental unit ¢, >1 of Q(+/D) is well known ([1]) and
such a real quadratic field Q(+#/D) is called R-D type. On the other
hand, for any given real quadratic field Q(+' D), its fundamental unit
can be calculated by the continued fraction expansion of +/D.

In this note, we shall first describe the fundamental units of all
real quadratic fields in a similar fashion to R-D type, and give next
its relation between contiriued fraction expansion. Finally, we shall
give a generalization of a result of Morikawa [3] concerned with these
facts.

2. The following theorem is a generalization of a result of
Degert [1]:

Theorem 1. For any given positive square-free integer D, let v,
be the least positive integer such that viD=mni+r, holds with integers
Ny T SOLISFYING — Ny <7y <N, and 41,=0 (mod r,). Then the fundamental
unit e >1 of Q(W D) is of the following form:

en=No+vV D, Nep=—sgnr, for|r|=1, (except for D=5, v,=1),
ep=My+v,VD)/2, Nep=—sgnr, for|r|=4,
ep=[@2n2+7) +2nw,V D1/|r)|, Nep=1 for|r,|#1,4.

Remark. In the special case of v,=1, this result coincides with
Degert’s.

Proof. Let ¢p=(t,+u,v/D)/2 be the fundamental unit of Q(+D)
and ¢, be the right-hand side of a formula for ¢;, in Theorem 1. Then,
it is easily shown that ¥2D=1{2F4, 41,=0 (mod 4) and that ¢, is a unit of
0(W'D). Here, if we suppose ¢,+¢,, then it yields a contradiction.
For, in the case of |r,|>4, we get

&= [(2'”%“‘ 7'0) + 2”0’”0*/F]/' 7'0'2537 = (tg +24 touo\/ﬁ)/z'
Hence, we have nw,>tu,. On the other hand, since v, is the least
positive integer such that v2D =nd+4r,, —n,<r,<n, 41n,=0 (mod r,), we
get v,<u, and n,<t,, hence we have n,v,<tyu, This isa contradiction.
In other cases, we can easily induce contradiction similarly.

3. For any given D, it is generally difficult to find v, in Theorem
1, but if we use the continued fraction expansion of v/ D, v, is easily
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obtained. In particular, if the length & of the period in the continued
fraction expansion of v/ D is even (k=2m), then v, in Theorem 1 is
determined by the (m —1)th convergent in the continued fraction ex-
pansion of v/ D as follows:

Theorem 2. Let D be a positive square-free integer such that
D=5 (mod 8) and suppose that D has a prime divisor p such that p=3
(mod 4). Let k be the length of the period in the regular continued
fraction expamsion of ¥ D, A,/B, be its vth convergent and let
(WD +P)/Q, be its vth complete quotient. Then, k is even (k=2m)
and v, in Theorem 1 is equal to B,,_,. Moreover, |r,| in Theorem 1 is
equal to Q,, which is equal to neither 1 nor 4 and the fundamental unit
e» of Q(WD) is of the following form:

ep=[@2A%_,+(—D™Q,)+24,, B ¥D1/Qun,  Nep=1.

Proof. From the assumption on D, it is easily proved that the
length % of the period is even (k=2m) and that the fundamental unit
ep of Q(/ D) is of the form e, =t,+uv' D, (¢, %, integers). Hence, we
have ¢p=A;_,+B;_¥D and Nep=1. On the other hand, we have
Q.71 and the following relations (cf. [5]):

24,,_,=2D=0 (mod Q,,),

B, .D=A}_,+(—D""'Qp.
From these relations, we have Q,, 4. Let ¢, be the right-hand side of
the formula for ¢, in Theorem 2, then ¢, is a unit of Q(#/D) and ¢, is
equal to ¢p, since 1<¢; <. Therefore, v, in Theorem 1 is equal to
B,._, and |7)|=Qn.

4, As a sufficient condition for Q,, =2, we obtain

Theorem 3. Let D=p or 2p, where p is a prime number with
p=3 (mod 8) (resp.=7 (mod 8)). Let k=2m be the even length of the
period in the regular continued fraction expansion of ¥ D and A,/B, be
its vth convergent. Then, Q.(=|7,|) in Theorem 2 is equal to 2 and the
fundamental unit ¢p of Q(v/' D) is of the following form :
3172“4~?7ln—1'|'1‘i‘A~7n—1Bm—1\/-D~ (resp. Afn—-l_l"i'Am—le-l*/-_D—)’ Nep=1.

Proof. Since 2D=0 (mod @Q,,) and D=p or 2p, we have Q,,=1, 2,
4, p, 2p or 4p. On the other hand, 1<@,<+D and Q,+#4 hold.
Hence, we get @,,=2. Thus, from Theorem 2, we have ¢p,=A432_,+1
+A, B, WD. Here, in the case of p=3 (mod8), A% ,—1
+A,,_,Bn_#/D is not a unit, since A%,_,—DB?,_,==—2 (mod 8). There-
fore, ¢p is equal to A% _,+1+ A, B, +/D. Similarly, we can prove
the other case.

Remark. In the case of D=pq, 0<q), or 2pq, 2p<q), with
D=5 (mod 8), where p and ¢ are odd prime numbers with p or ¢=38
(mod 4), Nakahara shows in [4] that @, in Theorem 2 is equal to one

1) M. Yamauchi conjectured this fact and orally informed it to author.
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of the three numbers 2, »p and 2p. Using this fact, he proves that the
fundamental unit of Q(+/D) has one of the following six forms:

A% +1+A, B, /D, %A;_1i1+%Am_le_l¢F, %Afn-lil

+%Am_13m_1«/75.

In the case of real quadratic fields Q(v D) with Nep,= —1, we can
obtain similar result to Theorem 3 as follows:

Theorem 4. Let D=p, or 2p,, where p, and p, are prime numbers
with p,=1 (mod 8) and p,=5 (mod 8). Let k=2m-+1 be the odd length
of the period in the regular continued fraction expansion of v D and
A,/B, be its vth convergent. Then, the fundamental unit ¢, is of the
following form:

5D:AmBm+Am—1Bm-1+(B?n+Bz —1)'\/ﬁ, N5D=—1-

Proof. Let /D =[b,, b, - - -, b,] be the regular continued fraction
expansion of v/ D, where k is the length of the period. From the con-
dition on D, it is evident that % is odd (k=2m-+1) and ep=4,_,
+B,_w/D. On the other hand, it is well known that b,, - - -, b,_, are
symmetric: b,_,=b,, (A=v<k—1). Hence, we get 4, ,=A4,B,
+A,_B,_,and B,_,=B2+B%_,. Therefore, we have the Theorem 4.

5. Finally we give a generalization of Morikawa’s result from
our view-point.

Theorem 5.2 For any positive integer a>0, put a?+2=>5b2D,
where D s square-free. If D+2, 3, and 6, and if at least one of the
following conditions (&) and () is satisfied, then Q. (=|r)) in Theorem
2 is equal to 2 and e=a*+1+aby/ D is the fundamental unit of Q(+/D):

(@ a<@D—1)¥/D=2 or b<2D-—3,

(® a=p* or 2p*, where p is a prime number and k is a positive
integer.

Proof. Lete=(t+uv/D)/2>1bea unitof Q(+/D) with Ne=1. Put
e*=(t,+u,vD)/2, n=1). Then ¢, is a monic polynomial of ¢ with
integral coefficients and has the following properties:

(i) t,is a monotonically increasing function of ¢,

(ii) t,—2=0F-2{(E—-2)""V"24... +§14-(n3—n)(t—2)+n}2 for odd

",

(i) t,+2=CE+2{E+2) 02— .. iglzl.(m—n)(wz);n}z for odd

n.
From these facts, we can prove our Theorem 5 immediately.

2) Morikawa [2] proved this theorem in the special case that a is a prime
number.
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