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§ 1. Introduction. Let 7, be the n-th ordinate of the zeros of
the Riemann zeta function ¢(s) satisfying 0<y,<r,,,. Here we are con-
cerned with the following problems.

(i) To estimate S, (T)=—L— S d(r,, 7" for integral k>1
’ N(T) r<m=er
and r>1, where N(T) is the number of the zeros of Z(s) in 0 <Re s<1,
0<Im s<T as usual and d(y,, ) i8 Gurr—7ra)/7.

(i) To estimate the number N7< logT ,T) of 7, in T<y,<2T

satisfying d(y,, ) >C/log T.

As to (i) we have shown in [1], [3] that

S1,:(T) < (log T)2.
On the other hand the following result is announced in Zentralblatt [4];
1 92k )
S () 2D 22 g log )

for integral k=0 (log T). Here we shall prove the following

Theorem 1. Let T>T,. Then for k in 1<k (T log T)*® and r in

1<rL k¥, we have
Sy,k(T)<< (Ak)*#/2e+D (log (8 4 k))kp—2k%/@h+D
(log T)*
where A is some positive absolute constant.
As to (ii) we have shown in [1], [3] that
N, (204D, ) 5 NT) exp (—(log log C)'~)
log T
for C>C,, integral r less than A (log C)* (log log C)/**¢ and
a=(A (log C)*(log log C)***—r) /(C+ A (log C)* (log log C)/***—r),
where A’s above (and also in this paper) are some positive absolute con-
stants and ¢’s are arbitrarily small positive numbers. Here we shall
prove
Theorem 2. ForT>T, C>Cyandrinl<r<TlogT C, we have
N5 T) <N exp (— AGOY (log rO)).
log T
§ 2. Proof of Theorem.
2-1. To prove our theorem we use the following

b
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Lemma 1.
j " (SE+h)—S@®)y*dt=—20' 1 (10g 841 log TY)*
T 2r)* k!
+0((AE)**T (log (3+h log T))*~%)
uniformly for positive h, integral k=1 and T>T, where we put
S(t)=l arg {A/2+1it) as usual.
T
(Cf. Main Theorem in [2].)
2-2. For convenience we put
1
S, h,T)=—"— dlrn, 1)}
a( ) N 56,{"2,55?;, (rns 1)

for positive » and integral I>>1. Using Lemma 1 we shall prove first

Lemma 2. For any integral 1>1, integral k=1, T>T,, positive
h>Iog T) ! and integral r in 1<r<T/h, we have

Ak)*® Bk, )~* (log (3+1h log T))*
S, (h, T) < - ’ ,
fl( < -1 (log T)"(hr log T)Zk—(l—l)

where we put B(k,1)=1and Bk, )=(k—1)(k—2)- - -(k—(I—1)) for 1>2.

Proof. We shall prove this by induction. Suppose that d(y,, ) >h.
Then by the Riemann-von Mangoldt formula ((9.3.2) of [5]), we get
J‘Tn+r—l/2h'r (S(t n ,,.h/z) _,S(t))ﬂcdt

Tn

> (r— ﬁzi:gﬂ + 0(1)>2k(d(7n, P—h2)r

> (Arh log T)*d(y,, M7 for hlog T >C,.
We sum each side over 7, satisfying T <y,<2T and d(y,, ) >h. Then
using Lemma 1 we get
Ak)* (log (34 hr log T))*
S, (b, T)< .
Ak D (rh log T)* (log T)
Now suppose that our conclusion is true for I—1. Then for [,
S, D2 S Al Ay )~ [2)
N(T) F<rasat
(rnsT) 2R
2
<2
N(T) T<§52T

A(rn,7)2N/2

AT
=2 S0, Db
h/2

d(rn,7)

d(rn,r)l-lj dh

h/2

< (Ak)*B(k,1—1)"! rT (log (83+7h log T))* dn
7% (log T)*! wa (rhlog T)H-a-2
< (Ak)*B(k, D)~ (log (3 +rh log T))*

7=t (log T)¥(rh log T)**~¢-b
2-3. Proof of Theorem 1. Now for C>C,
S, (1«8, (C/log T, T)+C*[(log T)*
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C* (Ak)** (log (3+7C))"
(log T)* r*CE+1 (log TH*
Here we choose C=(Ak)**/k+p=2k/2k+b  Then we get our conclusion.
2-4. Proof of Theorem 2. By Lemma 2 we get
C* C C
N,( ,T)<NTS, ( ,T)
(log T)* logT '~/ (DS log T
(Ak)* (log (84 rC))*
N(T .
<< ( ) ,,.2ka+1 (log T)k
Choosing k=[(r*C?/(e* log Cr))'*A~'] we get our conclusion.
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