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1. Let yx, be a real primitive character (mod ¢,) and let suppose
that L(s, x,) has an exceptional zero 1—4, 0<§< (log ¢,)!. Then Linnik
[4] proved

Theorem. There exist effective absolute-constants c,, ¢,>0 such
that, if dlog (qq,(y|+2) =c,, then every zero p=pF+1ir of L(s,y) (mod q)
satisfies

<1— -1 ec, )
p=1—clog (aai(r|+2))™ log Sor aairEDy )"
save for the case p=1—3d, y=y,.

Linnik’s proof is quite difficult and elaborated. He used Brun’s
gsieve as well as some convexity results on entire functions. Later
Knapowski [3] simplified it considerably by appealing to the power sum
method of Turan. And recently Montgomery [5] has found a quite
simple version of Turan’s method and applied it to deduce very elegantly
the above theorem.

The purpose of the present note is to show very briefly that there
is a conceptually much elementary and more direct way which depends
only on Selberg’s sieve and on some easy facts on {(s) and L(s,y). Our
argument can be considered to be a natural extension of Selberg’s
proof [5] (see also [1; p. 40] [2] [6]) of Linnik’s zero-density theorem.
The detailed account as well as some applications to the large sieve
of the present method will appear elsewhere.

2. Before stating our main lemmas, we introduce the following
notations:

_ - _ 1 A4+ xu@p—pn@p~'7)
B= g @a, = A=
7, (n)=p(n, r))9((n, 7)™, G(R) :;R g,

Then we have
Lemma 1. If log N >»log (q,R), then
2
5 B3, #0900} <LL+0, ) GERN

N=n<l2N

Lemma 2. If log R »logq,, then
G(R) >0 L(14-4, x»).
Lemma 3. If r is square-free and &,=0(d)), then we have, for
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g>1,
33 BOO 00 3 0 Jumn = Lo, DLAs-+5, 11007 0,(5, ),
where

0.(8,0= 3} Ear@p((r, apa- T (1+ 28 2n®) )

I S+d
T p b

% T] {(1_1)“(1_ xlgpa) >“(1_ 2(D) )(1_ xxl(zz) )_1}_
g{g p p + ps ps+
Lemma 4. Let ¢ be a positive constant and let

2(d)= y(d)(log zl;j‘ )2 if d<z'*’ and =0 otherwise.

Further put &;=1/2(clog 2)"%(A(d) —22,(d) + 2(d)). Then &;=p(d) if
d<z. And we have

2—11 t(n) (Z Sd)zn"‘<< 1,

ain
where (n) s the divisor function and xr=1-0((log z)™").
3. Now we argue as follows: If p=p+1r, f=3/4, is a zero of

L(s, x), then we have, by Lemma 3 (but with &, of Lemma 4),

5 BT ) (33 € Jrmm=re" = =140 ),

naz din
where we have to assume that log Y >log (Rzqq,(7|+2)). Multiplying
by £A(r)g(r) both sides and summing over r< R, we get

7}‘—G(R)zg = B(n){z £ @)@ Wn)}zn-le-w
n2z rSR

oo 2
X > z(n) (:/T.Z Ed) n'~*e=n/Y,

n=1
since B(n)<t(n). But we have n'~2e Y Y?d-Pyp~* where =1
+(log Y)™!, and so by Lemma 4 we see that, if logz2<log Y, the last
sum is O(Y?*%~#), On the other hand, if logz>log (¢q,R), we see, by
Lemma 1, the first sum is O(L(1 +4, y,)G(R) log Y). Hence we have
Y -AL(1+4-9, x) log Y > G(R).
And by Lemma 2 we get the result of Linnik.
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