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Introduction. In our previous note [3], the authors proved that
for generic bounded domain in R?, the eigenvalues of the Laplacian 4
with Dirichlet null boundary condition are of multiplicity one. In this
paper, we study the eigenvalues of the Laplacian 4 of Z,-invariant
domains 2,C R" parametrized by p € I', where the parameter space I
is an open subset in a Banach (Fréchet) space B.

There are two types of eigenvalues; the symmetric ones whose
eigenfunctions u satisfy:

w(x) —ulox) =0,
and the anti-symmetric ones whose eigenfunctions u satisfy :
(@) +ulox) +ulo’r) =0,
where ¢ € SO(n, R) is a generator of Z,CSO(n, R).

A subset of I' is called residual if it is a countable intersection of
open dense subsets. Our main theorem is

Theorem 1. There exists a residual subset I'yCI" such that for
any p € Iy, all symmetric eigenvalues of 2, are of multiplicity one and
all anti-symmetric eigenvalues of 2, are of multiplicity two.

This is a partial answer to the conjecture of V. I. Arnol’d (cf. [1]
Hypothesis of Transversality 5.1). Similar results were already ob-
tained by B. H. Driscoll [2] for the operator (4+4p) in the unit disc
perturbed by some function p.

§1. Preliminary. Let Z,CSO(n, R) be a cyclic subgroup of
order 3 generated by ¢. Let 2QCR" be a bounded domain with C"-
boundary 92 (5<r< o). We assume that 2 is Z,-invariant. Let L*2)

= {u : Q—R, j w(x)drx < oo } L) is a real Hilbert space with respect
2

to the inner product (u, v) =J uw(x)v(x)dz. We consider the symmetric
2

subspace W (2) and the anti-symmetric subspace W, (2):

W) ={ue L*(Q); A—c*)u(x)=0 a.e.x.},

W. Q) ={ue L*(2); A+o*+(@D*)u(x)=0 a.e.x.},
where (e™)*u(x)=u(e™xr), m=1, 2. L*Q) is orthogonally decomposed
into W,(Q)®W,.(2) and the orthogonal projection z: L(2)—»W,(Q) is
equal to 1 +o*+(eH)*)/3.

Let B={pecC'(@2: R); c*p=p}. We extend pe B to a C"*map-

ping 5: R"—R" as follows:



14 M. TANIKAWA [Vol. 57(A),

<~ [p(@)v(x) redf,

p@) “{ 0 zeN,

o t-po@)=p(x) xecR"
where N is a sufficiently small tublar neighbourhood of 92 and v(x) is
the unit outer normal at x€d22. Let '={peB; ||plla<1}. ['is an
open set in a Banach (Frécht, if »=oco0) space B. For any pe ', I+5:
R*—R" is a C"*-diffeomorphism and we put 2,=(I+p2. 2, is a Z;-
invariant domain in R" and its boundary 92, ={x+ p(x)v(x) ; x € 92} is
of class C72.

We define T=T(p) : L*(2,)—L Q) by

Tu(z) = ~/J (@) w(x + 5(x)) xef,
where J(x) is the Jacobian of (I+p) at x € Q.

Lemma 1. T is an isomorphism of Hilbert spaces, that is, T is
not only bijective but also preserves their inner products. Moreover
T is a bijective mapping of H*(R,) to H*(Q) (k=1,2, - .., r—3), where
H*(9) is the Sobolev space of degree k.

Lemma 2. o¢* commutes with T, thot is, o*- T=T-c*.

Lemma 3. The orthogonal projection = : LH(Q)—W (2) commutes
with T, namely, T(W (2,))=W (2) and T(W (2,))=W (D).

We introduce a complex structure J on W,(2,) in the following
manner :

Ju@)=1/v'3 (¢*—(@)Mu(x), ueW.(L2,.
We define a new Hermitian inner product [«, v]= (u, v) + i(u, Jv).
Under this complex structure, os*u=exp (2ri/3)u for any ue W,(2,).

Lemma 4. Forany peI', W,(9,) is a complex Hilbert space and
T preserves-its complex structure J.

§2. Reduction. We consider the eigenvalue problem (P. 1):

(®P. 1) {(—A—Z)u(x):O xef,

ulanp =0,
where 4=0%/0x3+0%/0x3+ - - - +0%/oxk. Let J(2,)={4<A=<2=<---} be
the totality of eigenvalues of Problem (P. 1).

Let L(p) be the Friedrichs extension of —T(p)-4-T(p)"' with
Dirichlet null boundary condition. L(p) is a self-adjoint operator in
L*(©Q) with domain D(L(p))=Hy2) N\ H(2), where H(£) is the closure
in H'(2) of C~-functions with compact support in 2. The spectrum of
L(p) is identical with ¥(2,) together with respective multiplicities.

Lemma 5 (cf. [6]). For any u and v e HY(2) N HY(Q), we have

L(o)u, v)= j 2 2 S,u(D (D) da,
where
Sjk = Sjk(p) = Zm: 050+ aX]/axm)(akm +0x:/0%,,),

I+X=(I+ﬁ)qy
D u=0u/dxz,—(0(og (J(x)))/0x )u/2.
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Theorem 2. 2,=2,(p) is a continuous function of pe I’ with re-
spect to C™-topology (B<r< o).

This is easily proved by using the so-called mini-max principle.

From now on we take account of the group action Z,. Since the
Laplacian 4 commutes with the orthogonal transformation ¢ and the
domain 2, is Z;-invariant, we can decompose 3(£2,)into X' (2,) U3 .(2,),
where 2 ,(2,) and X,(2,) are the totalities of eigenvalues of Problem
(P. 1) restricted to W,(2,) and W,(2,), respectively. We call 2¢ 3 (2,)
a symmetric eigenvalue and 1¢ 2, (2,) an anti-symmetric eigenvalue,
respectively. Since T'=T(p) commutes with the orthogonal projection
n, L(p) maps W (2) and W, (2) into themselves, respectively. We put
L, (0)=L(0) |, and L,(p)=L(p) |, respectively.

Lemma 6. The spectrum of L,(o) (resp. L,(p)) is equal to X (2,
(resp. 2,(2,)) together with respective multiplicities.

By Lemma 6, we are reduced to the study of the spectra of L,(p)
and L,(o). Recall that the domains of L,(p) and L,(p) are independent
of p. For the complex structure J introduced in § 1, we have

Lemma 7. L,(p)-J=J-L,(p) and [L,(o)u, vl=[u, L,(p)v] for any
u and v e H(Q)NHQD N W (2).

We consider L,(p) as a complex linear operator L, (o). From Lemma
7, it follows that L (p) is a self-adjoint operator in W ,(2) with respect
to the Hermitian inner product [, ].

Lemma 8. X ,(2,) is equal to the spectrum Spec (L.(p)) of L.(p) as
a set and the multiplicity of 1€ 2,(2,) is twice of the multiplicity of
2 € Spec (L.(0)-

§3. Proof of the main theorem. Let S, ={oc I ; the first m
spectra of L,(p) are of multiplicity one} and T,={o€ I ; the first m
spectra of L, (o) are of multiplicity one}. We put S;=T,=1". Then

$28,08,2--+;  S=(1Sn,

T,OT,D>T,D---; T=(°'°\ T,,
m=1

Theorem 3. S, and T, are open in I" with respect to C"-topology
b=r<w), m=1,2, ---.

Theorem 4. S, is dense in S,,_; with respect to C"-topology B<r
<o), m=1,2, .- -.

Theorem 5. T, is dense in T, _, with respect to C'-topology (57
éoo)’ m=1: 2’ co e

Theorems 3-5 imply that S,, and T,, are open dense in I", hence I',
=SN7T is residual. Theorem 3 is an immediate conseguence of Theo-
rem 2. The proofs of Theorems 4 and 5 are based on the following
perturbation theorem due to Kato [4]: Let {H.} be a regular perturba-
tion of self-adjoint operators parametrized by a real parameter r on
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some complex Hilbert space. Let H, be given formally H,+H,+*H,
+---. Let 2 be an isolated spectrum of H, with multiplicity q.

Perturbation theorem. 1i) For every open interval (a, b) C R such
that Spec (H)N(a, b)={4}, there are exactly q eigenvalues (counting
multiplicity) A'(z), 2%(z), - - -, 2%xz) of H, in (a, b) where 3 (c) =2A+1Ai+7%4
+ -+ are real analytic functions for small z(1=1, 2, - - -, Q).

ii) Let {u!, w? - - -, u% be an orthonormal basis of i-eigenspace of
H, Then 2 (i=1,2,---,q) are the roots of the equation det (15,
—[Hw,u*)=0.

In order to apply Perturbation theorem, we replace p € I' by p,+7p
for sufficiently small z ¢ R.

Lemma 9. L(g,+1tp), L,(0,+1p) and L.(o,+tp) are regular pertur-
bation of = on L*(Q)RQC, W (QDKXC and W (2), respectively.

Lemma 10 (cf. [6]). Let u and v be 2-eigenfunctions of L(0).
Then we have

—(L(rp)u, D)oo = —f p(x)—(ao—(x) do(®),

where dw(x) is the surface element of 95.

Proof of Theorems 4 and 5. We shall show that S,,,, (resp. T,..,)
is dense in S,, (resp. T,,) for m=1,2, -... Assume that p, € S,, (resp.
T,) is given. Since (I+5,+p2=I+6)2,, for some 4, we can replace
2,,by 2 and 2,,,, by 2,, respectively. Thus we may assume p,=0.
Suppose that

21<22<‘ ce <Zm=2m+l= e =2m+q<2m+q+1§.

are the spectra of L,(0) (resp. L.,(0)). The first m spectra are simple
and will remain simple under small perturbations of o by Theorem 2.
The (m+1)-th spectrum A(=2,.,,=---=2,,,) has multiplicity q. We
show that there is a linear perturbation p(r) =p such that the (m 4 1)-th
spectrum of L,(zp) (resp. L.(rp)) has multiplicity <q—1 for small z==0.
By a finite sequence of perturbations of this type, the (m+1)-th spec-
trum can be made simple. By Perturbation theorem, it is sufficient
to show that 2! are not all the same.

For the proof of Theorem 4, we have only to consider the real
Hilbert space W,(2). Let »’ and u* be i1-eigenvectors of L,(0). Note
that «’ and * are ¢*-invariant (5, k=1, 2, - - -, q).

mk=i<Ls<rp)uf, 4]

=_J p(x) (x)ai(w) do(x).

If the equation det (26, — pjk)zO only has a g-ple root «, then u,,=ad,,.
If p,.#0 (j£k), then at least two of the roots are distinct.
We assume that p,,=0 (k) for any pe I". Then
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J 13
—%——(x)ai(x)=0 for any z € o0,
oy oy

which yields a contradiction to the fact that «’ and »* are 1-eigenfunc-
tion of Problem (P. 1) (cf. [3]).

For the proof of Theorem 5, we have only to consider the complex
Hilbert space W,(2). Let %’ and u* be i-eigenvectors of L,0) (4, k
=1,2,.--,q9). Note that «/ and u* satisfy:

w(x) +ulox) +ulo’x) =0.

Kk =i[Lc(T o, u*ll. -
dr

= i(La(z'.o)uj y U)o+ ii(La(fp)uj s JUH .-
dr dr

1 J { ou' .  ou ow' .\ ou
= —_ X (r) X o) Y
3 aap( ) ) ov @+ ) 7 ov (o2)

+

ow , , \ou* , ,

R x)}dw<x>
. ou’ ou® ou* , ,

+iVE [ o 2@ (2 -2 )

o dut  ,  out
+ 2 oG- 2 @)

ou' ; , ou* .~ ou*
+ 560 (@) doo).

If for any pe Iy p;,=0 (#k), then following three equations hold for
any xeof:

W )+ 2 (o2)+ P () =0,
oy oy oy
P @2 @)+ 2 00) X o)+ 2 ) 2 )=,
a;i’ @{ aa"ff (o) — ";:" (,,zx)}+%%:_’(m){aa_@f(azx)__%%:_"@)}
7 k k
+ aa": o) a;i (@) — ";’j (@)} =o0.

These are linear homogeneous equations with respect to ((0u’/ov)(x),
@u’ /ov)(ax), (0w’ /ov)(e*x)) and have a non-trivial solution for any z in
some open setCdf2. Then the determinant of the equations is equal

to:
(G @) + (5 ) + (5] -0

on some open set in 92, which yields a contradiction to the fact that »*
is a 2-eigenfunction of Problem (P. 1).
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