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For p e C[0, 1], h e _, H e

_
and a e L(0, 1), let (E,,,) denote

the heat equation

(1) ---U-U+(p(x)-)u=O (0<t<c, 0<x<l)
3t

with the boundary condition

(2) 3--U-U -hul__o 3u
ax =--x+Hu[x.1 0 (0<t< c),

and with the initial condition
( 3 ) ul,.o=a(x)
Let A,, be the realization in L(0, 1) of the differential operator
p(x)-3/3x with the boundary condition (2), and let {a}--0 and
be the eigenvalues and the eigenfunctions of A,,, respectively, the
latter being normalized by Cn IIz0,, 1. Noting that each a is simple
(--c<0<,<...--.c), we call N----#{l(a,)=0} the "degenerate
number" of a e L(0, 1) with respect to A,,, where (,) means the
LMnner product.

Henceforth 79, h, H and a are given, u=u(t, x) is the solution of
(E,,,) and N is the degenerate number of a with respect to A,,.
Take T, T in 0=<T<T<c and set

/ /,,H,,xo {(q, ], J, b) e C1[0, 1] ._ L2(0, 1)[
( 43 v(t, 0)=u(t, 0), v(t, Xo)=U(t, x0), v(t, Xo)=U(t, Xo)

(T gtgT2)
holds for the solution v=v(t, x) of the equation (Eq,,,)}.
Clearly (p, h, H, a) e /0. In the previous work [7], the author showed

Theorem 0. (i) In the case of xo=l,
(5’) /0= {(p, h, H, a)}
if and only if N=0.

(ii) In the case of 1/2<x0<l, (5’) holds whenever N<c.
(iii) In the case of xo=l/2, (5’) holds if and only if Ngl.
(iv) In the case of 0<x0<l/2, we always have l((p, h, H, a)}.
In the present paper, we consider
1_/,,,,,xo_ {(q, ], ], b) e C1[0, 1] ._ _q L(0, 1)
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(4) v(t, Xo)--u(t, Xo), v(t, Xo)--Ux(t, Xo) (T=t<__T:)
holds for the solution v--v(t, x) of the equation (Eq,,,)},
and study when
( 5 ) ff/-{(p, h, H, a)}
is satisfied. We note that (5) holds only if x0-1/2 and N=<I by
Theorem 0.

Our results are the following
Theorem 1. (5) holds true if x0-1/2 and N--0.
Theorem 2. Let Xo: 1/2 and assume 1/2 Xo1 without loss of

generality. Then, (4) implies J=H and q(x)=p(x) (x0<__x__<l), when-
ever N c

Theorem 3. Under the same situation as in Theorem 2, we have
( 6 ) ((q, ], J, b) e eli0, 1] (. 52(0, 1)]/p,h,H ,xo

q(x):p(x) (1/2_<_ x__< x0)}: ((p, h, H, a)},
if and only if

In view of Theorems 1-3, we call (x0, 1) the "domain of unique-
ness" in the case of 1/2x01, which turns out to be (0, x0) in the case
of 0x01/2. The proof of Theorems 1-3 is based on

Lemma 1. Put D:{(x,y)ll/2xl,l--xyx}. Then for
each p C[0, 1] and q e C[1/2, 1], there exists a unique K e C(D) such
t,hat
(7.a) K Kv+p(y)K: q(x)K ((x, y) e D)

(7.b) K(, x)=1/2 (q()-p())d (1/.<__ _<_ 1)

(7.e) K(, 1-)=0 (1/2<_ _<_1).
Lemma 2. Let =(x)

( 8 ) (p(x)--d/dx)q=2q (0<__ x__< 1)
for some , e . Then

( 9 ) (x)--(x)+ K(x, y)(y)dy (1/2g x__< 1)
1--2

satisfies
(10) (1/2) (1/2), ’(1/2) ’(1/2), (q(x)-d/dx)=

(1/2_<_x_<_ 1).
The proof will be given in a forthcoming paper along with a

detailed proof of Theorem 0. For other references on the inverse
problems for the heat equation, see Suzuki [5]. See also Seidman [3],
Pierce [2], Suzuki-Murayama [8], Murayama [1] and Suzuki [4], [6].
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