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By making use of the B-spline Q,,,(x):
+1
Qu@=/ph 3 (0 (P @—ir,
we consider the spline function s(x) of the form
s@)=3 aQuu(L-i+2),  nh=1

where
(r—i) = {(x——i)” for x>1
0 for x<1.
It is well known that

(i) sis a polynomial of degree p on [(@—%y" (H'%)h]’

(ii) seC?'(—oo, o).
Let p and % be integers such that 1<k<p—1, then the following
consistency relation holds
1

h"‘{ ;’?1(p+1——;—)st+ ;’21(10—5)8“1+~--+ ;’Ql(%)s“p}
()

=Quu(p+1- )+ QP =2 sttt - 4@ )s2 @@D.

Here s,=s(ih) and s{¥ =s®(ih).
From now on, let p and k be odd and even integers, respectively.
Since k is even, in virtue of the properties:
Qi ®)=Q,.,(p+1—2)
Qpu@=0  for <0, 2>p+1,
we have

o =Qui(p+5—1) —Qu(p+ 5 —i)+ -

- 1 1
—-{Q(p 1) -3 )+

for =0, k and j=p, p+1, ---.

Sinee p is odd, in virtue of the property :
1 .1
2}21(10+E—1)= ;‘11(7+§)

for 1=0, k and j=p, p+1, - -,
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we have

c¢?=0 and c®»=0  for j=p, p+1,
Hence, an alternating sum obtained by writing down equation (x),
substracting equation (x) with 7 replaced by i+1, adding equation (x)
with 7 replaced by ¢+2 and so on is equal to the short term consistency
relatlon between s, and s, j=1, i+1, .-, i+p—1:

BHePs 4 0178t - - - 00281, ok =8 e8Pt - - 4028,
for odd p and even k such that 2<k<p-—1.

1 1
e o) o D

1=0, k,
we have
¢P=c®,_, and cP=c®,_, j=0,1, .., p—1.

As examples of the above relations, let s(x) be cubic and quintic
splines, respectively. Then we have

(i) cubic spline,

L1021, = (L/48) (57 + 22871+ 81,0

(ii) quintic spline,

lhd(si—4Si+1+63i+2—43z+3+3z+4)

=(1/3840)(s{" 4-236s{%), +-14465{?, +2365{;+s{2.),
(1/48)h~*(s;4-208;,,—42s,,,+208,,,+8;.4)

=(1/3840)(s;’ 423657, + 14465, ,+23687, 5+ 87, o)

These short term consistency relations are useful for the investi-
gation of the spline interpolation at mid-points and the application of
splines to the numerical solution of a boundary value problem.
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