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(Communicated by Shokichi IYANAGA, M. J. A., Oct. 14, 1985)

1. Introduction. Let 3<n<m be integers. Let w(m) denote the
number of distinct prime factors of m. Let 1<b(n)<n be a sequence of
positive integers. Let A{m; ---} denote the number of positive integers
m which satisfy some conditions. Throughout this paper p, »,, p,, - - -
stand for prime numbers and ¢, ¢,, - - - stand for positive constants. We
put

’ e~ mvidy,

75!
Vor J--
Then the following result was obtained by Babu [1].
Let 1<a(n)<(oglog n)'* be a sequence of real numbers tending to
infinity. Then
(1) @A/bm)A{m; n<m<n+bn), o(m)—log log m<x+Ilog log m}—>&(zx)
as n— oo, provided that b(n)>nsmdoslemn -1z,
In this note we shall prove the following theorem which shows that
the condition for b(n) can be improved.
Theorem. Let a<pB be real numbers. Let b(n) > n'/I€s™ pe q
sequence of positive integers. We put p=max {1, ||, | 8]} and
A, b(n), a, H=A{m ; n<m<n+bdn),
log log m + a+/log log m<w(m)<log log m+ B+/log log m}.

O(x) =

Then we have
1 _ 1 [ _ame (;ﬁ(log log log m)'* )
0 A(n, b(n), o, ) eraP e dy+ 0 Tog Iog 1"
+0({M/10g log 1, @ ¢1(iog log m)2 log b(n)/log m)
The O-terms are uniform with respect to a sufficiently large n.

This theorem implies that (1) holds if b(n)>n'"&'¢" and also gives
an answer for the question which was given by P. Erdoés and I. Z. Ruzsa
(cf. [1]). To prove the theorem we shall use Selberg’s sieve method and
the arguments of Erdos [3] and Tanaka [5] (cf. [2]).

2. Sieve method. Using Kubilius’s lemma (Kubilius [3], lemma 1.4)
we obtain the following lemma. This also can be proved directly by
Selberg’s sieve method.

Lemma. Let b,(n) be a sequence of positive integers tending to in-
finity. Let g<+/b,(n) be a positive integer and q be an integer with 0<q
<g. Let n,=[(n—q)/9] and n,=[(n+b,(n)—q)/gl, here [x] denotes the
largest integer not exceeding x. Let r,>2 with log r,<c,log (n,—n,), where
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¢, i8 a sufficiently small constant. Let p,, p,, - -+, D, be prime numbers
such that p,¥g and p;<r, for each j=1,2, .-, h. We put F(n, b(n), q, 9;
D1 Dy + -+ D) =A{m; n<m<n+b,(n), m=q (mod 9), m=0 (mod p,) j=1,
2,.--,h}. Then we have

h
F(n, b,(n), q, 9; sy Doy -+ Pa)= %ﬂ jﬂl (1——101—){1+0(e'°*'<‘°l""<"”"’g )
= J

The O-term is uniform with respect to a sufficiently large n and g <+'b,(n).
3. Proof of Theorem. We denote by P=P(n) a set of all prime
numbers p which satisfy an inequality
log ,n<p<,nl/(8(log log n)ﬁ).
Let o’(m) be the number of distinet primes in P which are divisors of m.
Let g(n) be a sequence of real numbers tending to infinity. Then we have
(2)  Afm; n<m<n+bm), w(m)—w’(m)>g(n)}=0( b(m) 105 é;’)g logn )
Let y(m)=2,er1/p. Then y(n)=loglog n+O(ogloglogn). Lettbea
positive integer with t<2loglogn. Let L() be a set of all positive square-
free integers which have exactly ¢ prime factors belonging to the set P.
Then we have
1_ y) 1
(3) le‘;:t)T— t! +O( loglog n )
Let N(n, b(n), t)=A{m; n<m<n+bn), o’'(m)=t}, and N,(n, b(n), t)
=A{m; n<m<n+bn), o'(m)=t, p*ym for all pe P}. Then we have

and
Ni(n, b(n), t)
= > Alm; n<m<n+bn), l|m, pym/l for all p e P}
leL(t)
(1)
= ét)z F(n, b(n), ql, V5 D1y Doy + -+ D2)
where {¢y, @5 - -+, ¢,»} is @ reduced set of residues modulo [/, and p, (1<
<h) are all the prime numbers such that p,t! and p, € P.
If b(n)>n'oslsn then IP<b(n)2 for any l € L(t). Hence by (3), (4) and
the lemma we have
(5) N(n, b(n), t)=bmye- v ¥ +0( o) )
t! loglog n
+ O(b(n)e—u(log log n)2 log b(n)/log n).
Let u be a real number such that t=y(n)+uvy®m). Applying Stirling’s
formula to (5), we have
1 /s #o(n) )
N(n, b(n), t)= —=——=b am O(—————
(6) (n, b(n), t) Ne=TO) (n)e + foglog 7
+ o(b(n)e—u(log log n)2 log b(n)/log n)’
Now we put w=(g(n)+ x log log log n)/vy(n), provided that the func-
tion g(n) has the property that w becomes sufficiently small for a large n.
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Let B(n, b(n), &, B) = A{m; n<m <n+bdm), y) + avy®n) < o' (m) <yn) +
BvVy(m)}. From (2) we have
(T) A, bw), &, f) =B, b, a+0w), p+0@w)+0( P10 (10;%” g ),
Let t=t,+1, t,+2, - - -, t,+s be s natural numbers such that
y0)+ av/y(m) <t <ym)+ vy (m).
Further, we write f,+i=y®)+u,v/ym). It is obvious that
Up—u;=1/4/ym) and s=0(uvIoglogn).
Hence from (6) we have

(8) B, b(n), a, f)= i N(n, b(n), t,+1)
b(n) _ 1/2)u? ﬂsb(n)
or zz. (= uemP +0(—x/lo_glog_n)

+ O(b(n)#¢w6~cs<log log n)2 log b(n)/log n)
Using the mean value theorem in calculus, we have

gl(utn—ut)e (1/2)u¢_f e- (1/2)"’du+0(~/ @ )>

Therefore the proof of theorem is completed by (7), (8) and putting g(n)
=(log log n)"*(log log log n)'~.
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