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4. Fock Space Representations of Virasoro Algebra
and Intertwining Operators

By Yukihiro KANIE®*) and Akihiro TSUCHIYA**)

(Communicated by Kosaku Yosipa, M. J. A., Jan. 18, 1986)

§ 0. In this note, we construct the Fock space representations of the
Virasoro algebra _ and intertwining operators between them in the explicit
form, and give the analogous determinant formula for them as for the
Verma modules (see V. G. Kac [4]). Proofs and details will be given in
the forthcoming paper [6].

§1. The Virasoro algebra .L is the Lie algebra over the complex
number field C of the following form :

L=737 Ce,®Ce,

nez
with the relations: for any m,ne Z

{[em e, l=(m—mn)e, . ,+((m*—m)[12)d,,. . .
[es €,1=0.
This is a unique central extension of the Lie algebra L7 of trigonometric
polynomial vector fields on the circle:

.L"=n§ Ccl,; 1, Ll=(m—n)l,., (m,neZ) (. =2z""(d/d?)).

Let §=Ce,®Ce} be the abelian subalgebra of L of maximal dimension.
For each (&, ¢) e C*=}* the dual of §), we can define the Verma module
M(h, ¢) and its dual M'(h, ¢) as follows. M(h, ¢) and M'(h, ¢) are the left
and right [-modules with cyclic vectors |%, ¢) and (¢, k| with following
fundamental relations respectively :

e_,lh, c>=0(n>1); elh,c>=h|h, c), elh, c>=clh,c);
(¢, hle,=0 (n>1); (e, hle,={c, h|h, <c, h|eg={c, h|c.

V. G. Kac [4] studied these _f-modules and obtained the formula con-
cerning the determinants of the matrices of their vacuum expectation values.
By this Kac’s determinant formula, F. L. Feigin and D. B. Fuks [3] deter-
mined the composition series of M(h, ¢).

§2. Consider the associative algebra ] over C generated by {p,(n € Z),
A} with the following Bose commutation relations:

[Dns D)=00p noid; [4, 0,]1=0 (m,neZ).
And consider the following operators in a completion A of i :

n-—1
Ln=(10o—n/1)1on+l 2 DPugt 2 PuiiPy (n=>1);
2 ™= jz1

n—1
L=t 0 st =5 0 0y a b 00, (1);
2 = =1
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Lo=%(p%—/l2)+2 DiD-;5
j21

o=(—12/4*+1)id.

Then by long but elementary calculations, we get

Theorem 1. The operators L, (ne Z) and L satisfy the commutation
relations of the Virasoro algebra, i.e. for m,ne Z

{[Lm L,1=(m—n)L,, .+ (m*—m)/12)d,, . .Ls,
[L(,)’ Lm] = Oo

§3. For each (w, 2) e C*, we congider the left and right .J-module
F(w, ) and P'(w, 2) with cyclic vectors |w, 2> and {1, w| with following
fundamental relations respectively :

Poalw, =0 m=1); pylw, H=wlw, 2, Alw, D=2w,2);
I, w|p,=0 (n=>1); A w|p,=<L w|w, {4 w|A={4, w|A.
Then by using the canonical homomorphism = (i.e. =(e,)=L, (ne Z);
n(e))=Lg), we get the left L-module (P(w, 2), 7(s.», -L) Which is called the
Fock space representation, and by the explicit formulae of L, and L], we
get
{Lolw, D=QQ/2)(w*—2)|w, 2y; Li|w, HD=QA—-122%) |w, 2>;
L_,|w, 2>=0 n>1).

By the universal property of the Verma module M(h, ¢) as an L-module,

for each (w, 2) € C* we get the unique _L-module mapping
Tw.1t M(R(w, 2), ¢(A))—>F(w, )
which sends the vacuum vector |k(w, 1), ¢(2)> € M(h(w, 2), ¢(2)) to the vacuum
vector |w, 2) € P(w, 1), where
hw, )=QQ/2)(w*—2) and c)=1-122,

Moreover this mapping r, , is degree-preserving, if we set
dege,=degp,=n (neZ); dege,=deg A=0; deg|w, )=deg]|h, c)=0.
Denote by C,(w, 1) the determinant of the mapping =, , restricted to the
degree d(>0) subspace M (%, ¢) of dimension p(d), where p(d) is the number

of partitions of the integer d.

Then by constructing intertwining operators (Theorem 4) and by
showing their nontriviality (Theorem 5), we get the following.

Theorem 2. For each (w, 2) € C?, let s, be the roots of the equation
A=(1/8)—(s/2), then

d a k p(d—k)
C.(w, )=const. [] [] (w+-—s++~—s_) .
k=1alk 2 20

1alk

As a corollary,

Theorem 3. (1) The canonical [-module mapping

Tw,1 - M(R(w, 2), ¢())—>P(w, 2)

is isomorphic, if and only if the equation
(%) w—+(a/2)s, +(b/2)s.=0
has no integral solutions (a, b) € Z* with a>1 and b>1.

(2) The _L-module mapping =, ,: M'(h(w, 2), c(Q)—LP*(w, ) s iso-
morphie, if and only if the equation () has no integral solutions (a, b) € Z*
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with a< —1 and b< —1.

@) Y(w, 2) is irreducible as an L-module, if and only if the equation
(*) has no integral solutions (a, b) € Z* with ab>1.

And this condition (3) is equivalent to the fact that the corresponding
Verma module M(h(w, 2), ¢(2)) is irreducible.

§4. To construct intertwining operators between Fock spaces, we
introduce the operators of the following type acting on %(w, ). Fixse C*,
and consider

X(s; ) =exp (s i C"Q’L> exp (—s i} C’”—@“—"—)C“""(“’Z)Tu
n=1 n n=1 n
and for any a>1
Z(s;5 &y ~-~,Ca)=F<%; SRR Ca) exp(sg(a’+~~~+c;‘)%"~)

X eXp (—s 5:31 &+ +C;”)pT">TM,

T, : F(w, )—>F(w+s, 2)
is the operator defined by
T,|w, y=|w+s,2y; [T, p,]=0n+0); [T, A1=0,

where

and

a

Fla; 8y -, L= g™ I G—C)™

j=1 1<i<j<a
Operators of this type are called Vertex operators.

Then X(s; &) and Z(s; &, - -+, &) are multivalued holomorphic functions
of (eC* and (&, ---,{,) € M, respectively with valued in the operators
acting on J(w, 2)’s, where M, is the manifold defined by

) Ma,={(Cn ce, C) e (CH) Ci#E, 1<i<j<a)l.
And these operators satisfy the interesting formulae :

[L,, X(s; C)]=C'"‘(Cdic—m<sA+%2)>X(s; ) (meZz s,LeC*);

[Lm, Z(S; Cv A} Ca)]

=§IIC?”‘[C —a—+{8po—382—m(s/1+~821)}]2(s; Cy -5 Ca)

Tae, 2
(meZ,seC, (&, -+, L) eM,).

For each « € C*, denote by S* the local coefficient system with values
in C which is determined by the monodromy of the multivalued holomorphic
function F(x; ¢, ---,¢,) on M,, and denote by S, the dual local system of
Sk,

Fix s e C* and an integer a>1, and take an element I"e H,(M,; S.).
For each integer b € Z, we can consider the operator

O, I3 0,b)=[ 2058y -+, 8L - -

Then we get the following.
Theorem 4. 1) For each (w, 2) € C?, the operator O(s, I'; a, b) acts as
O, I';a,b): Flw, )—>F(w+as, ).
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2) Take seC* anda,be Zwitha>1. Put1=2(s)=1/s)—(s/2), then

the operator
O, I';a,b): F(—(a/2)s—(b]s), )—>P((a/2)s—(b]s), )
commutes with the action of _L.

§5. The nontriviality of the obtained intertwining operators are

guaranteed by the following theorem. Consider the set £2,_, defined by
Q,,={eeC;dld+aeZ, da—d)ae Z A1<d<a—1)}.
Then we get

Theorem 5. There exists I'(a)e H,(M,; S,) which depends holo-
morphically on a € 2,_, such that the operator
O(s; a, b)=0(a, I'(s*/2); a, b) : F(w—as, 1/s)—(s/2))—>F(w, 1/s)—(s/2))
18 nontrivial in the sense that for any w e C.

1) For b>0, the image O(s; a, b)|lw—as, (1/s)—(s/2)) is a nonzero
vector.

2) For b<0, there is a vector |v) e Flw—as, (1/s)—(s/2)) such that
Os; a, ) |vy=|w, (1/5)—(s/2)).

In order to prove this theorem, we explicitly construct a cycle I'(a) €
H,M,; S, parametrized by « € 2,_;, by using the technique of resolutions
of singularities.

The proof of the nontriviality of the operator ©(s; a, b) can be reduced
to the celebrated Selberg integral formula :

Theorem 6 (A. Selberg [5]). Let a, B, 7 € C satisfy the inequalities

Rep>—1, Rer>—1, Rea>—min {l, Rep+1 Rer+1 }

m m—1 m—1
then the improper integral (xx) converges absolutely and is explicitly ex-
pressed as

()

f (ki—Fp™ ﬁ k: A—k)dk,- - -dk,
A(m) 1<4<j<m j=1
_ 1 2 IGa+ DG —Da+p+DI(G—Da+7+1)

Smy e T(ae+DI(m+7—2)a+B+7+2)
where m=a—1 and A(m) is the open m-simplex defined by

Am)y={(ky, - - -, kn) €R™; 1>k, > - - - >k, >0}

b
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