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108. Note on Chemical Interracial Reaction Models

By Yoshio YAMADA*) and Shoji YOTSUTANITM

(Communicated by KSsaku YOSIDA, M.J..., Dec. 12, 1986)

1. Introduction. We consider the ollowing parabolic system with
nonlinear boundary conditions. Find u-ui(x, t) (i--l, 2, 3) satisfying

(1) ai(x) u u x e I----(0 1), t (0, c),
t x

(2) x (O, t)=R(Ul(O, t), u(O, t), u(O, t)), t e (0, c),
(P)

(3) 3u-(1, t)=0, t e (0,
3x

(4) u(x, 0)=i(x), x e I,
where a and R (i= 1, 2, 3) are given functions and (i= 1, 2, 3) are given
initial data. Concerning a and R (i--1, 2, 3), we introduce the following
assumptions.

(A.1) a0 on i----[0, 1], a e C(i), aO on [0, 1).
(R.1) R(u,u,u) e C(U), where U is an open set in R satisfying

U [--3, 3][ [0,
(R.2) For any cmpact subset K of U, there exists a positive constant

c such that
,:1R(ul, u2, us)u; cK= [u;] for any (u, u2, us) e K,

where u min {u, 0}.
(R.3) There exist positive constants (i= 1, 2, 3) such that

aR(Ul, u., u)=0 for all (Ul, u, u) e U.
(R.4) There exists a positive constant c such that

--,= Ri(Ul, u., ua)uP-l_c E=I lull2p
or all (ui, u, us) e [0, c) and p e [1, c).

Our motivation or (P) comes from the chemical interracial model
proposed by Kawano, Kusano, Kondo and Nakashio [3]. They analyzed
the kinetics of interracial reaction by comparing the chemical experiments
with numerical simulation of the models. Ater suitable transformation,
their typical model is reduced to (P) with the case,

ai(x) k(1- x2) (i= 1, 2, 3),
( 5 R R= R uu--ku

k+ku+kuu.
where k (i=1, ..., 7) are positive constants determined by chemical sub-
stances. It is easily seen that the conditions (A.1), (R.1), (R.2), (R.3) and
(R.4) are satisfied by taking
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U= {(u, u, u) :k+k+kuO},
=1, =1, =2.

In (5), u (i-- 1, 2, 3) correspond to the concentration of chemical substances,
a (i=1, 2, 3) correspond to the velocity distribution unction of laminar
flow, and R (i= 1, 2, 3) are related with the kinetics o the chemical reaction
at the interface. We should note that the coefficient a (i=1, 2, 3) in (1)
vanish at x= 1 and the boundary conditions (2) at x=0 are nonlinear with
the non-monotone properties with respect to (u, , u).

There are some results on the parabolic equations with nonlinear
boundary conditions (e.g. [2]). However, because of non-monotone bound-
ary conditions, the existing theory will not be useful for deriving the global
existence o non-negative solutions to (P).

2. Main results. Our first theorem is concerned with the existence,
uniqueness and regularity of the problem (P) for the initial data with the
compatibility condition.

Theorem 1. Suppose that (A.1), (R.1), (R.2), (R.3) and (R.4) hold.
Assume that the initial data (, , ) satisfies

e H(I), a/,xx e L(I),
0 on L (i= 1, 2, 3)
,(0)=R(e(0), (0), (0)), e,x()=0.

Then there exists a unique solution (u, u, u) of (P) such that
u e C([0, ) H(I)) Ho(O, H(I)) C(IX (0, )),

(i= 1, 2, 3)
uO on i [0, ).
For more general initial data, we obtain the following result.
Theorem 2. Suppose that (A.1), (R.1), (R.2), (R.3) and (R.4) hold.

Assume that the initial data (, ,) satisfies
L(I), (x)0 on I. (i= 1, 2, 3)

Then there exists a unique solution (u, u, u) of (P) such that

u e C([0, ) L(I)) C(I (0, )),
(i=1, 2, 3)

uO on i[0, ).
Outline of the proof of Theorem 1. We construct a non-negative local

solution in time by applying the cntraction mapping principle, whese
validity is assured by the assumptions (A.1), (R.1) and (R.2). In particular,
(R.2) is used to prove the nen-negativity o the solution. The major part
is to derive an a priori L’-estimate independent of time. We employ
Moser’s technique [4] (see also Alikakes [1]). The assumption (R.3) assures
an a priori L-estimate, and the assumption (R.4) enables us to get succes-
sively a priori L’-estimates which are independent o p.

Outline of the proof of Theorem 2. It is sufficient to approximate the
given data by some nice data which satisfy the compatibility cendition.

We will discuss the details in [5].
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