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106. Large Time Behavior of a Solution
of a Parabolic Equation

By Kunio NISHIOKA
Department of Mathematics, Tokyo Metropolitan University

(Communicated by Kosaku YosIDA, M. J. A., Dec. 12, 1986)

In this paper, we shall prove that a solution of the following Cauchy
problem converges to a constant as t—co.
(1) O U=AUA+T 40y Bll, W)U, t>0, xeR?; w0, x)=uyx),
where

A=(—Drp 3y, T
oxid

with a natural number ¢ and a complex number p such that Rep>0,
B,(t, x)’s are in a class F°(R*, R%) and “smaller” than Rep, and u,(x) is in
a class F(R?).

In case of the second order uniformly parabolic equation of the diver-
gence structure, i.e. 9 u=>%,_,0/0x (4 (¢, x)ou/ox,), many authors studied
the behavior of the solution as t—oco with the order of the convergence
(for example see [1,2]). However their proofs can not be applied to (1),
and also in our case u, is not necessarily a function in L,(R?). Hence our
assertion is proved based on the representation of the solution by a
Girsanov type formula established in [3, 4].

1. For multi index « and x € R?, we put

=[]é 2 and =], (¥a;)ak.
ox,

Give a non-negative number £. H*(R? is a Banach space consisting
of all complex valued measures u(dé¢) on R* with

= [ QL+ gD (@) < oo,
and F*(R? is a Banach space of all Fourier transforms of " (R?), i.e.

f(x)=j exp{ig-2)p,(d8), € M(RY),

and we define as || f|l.=|lg .. Z(RY) is a subset of uniformly continuous
and bounded functions, sup,|f(®)|<| fll, and the Schwartz class, siny-z,
constants, etc. are contained in F*(R?) for any £=0.

Put R*=[0, ), and H*(R*, R?) denotes a set of all complex valued
measures p(t, d§), t e R*, such that (i) xe H(R?) for each te R*, and (i)
| 2, ) — s, )|.—0 as t—s on R*. F(R*, R%) is a Banach space consisting
of all Fourier transforms of J*(R*, RY), i.e.

o(t, 2)= I exp (i&-x}u,(t, d&),  p, € HCR", RY,

with a norm sup,s, | g#,(¢, ). g e M(R?) is said a dominating measure of
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ty € MR, R, if

pF(E) = 8up,s j el @t d8)

for any Borel set ESR?. The Fourier transform g*(x) of this g is called
a dominating function for

g9(t, x)zj exp {i§ - x}p,(¢, d§).

2. Definition. v(t, x) € F(R*, R?) is a wide sense solution of (1), if
there is a sequence of sets {v™(%, x), u{™(x)}, m=1, in FAR*, RY) X F*(R?)
which satisfies; (i) for each m, 9,v™ ¢ F(R*, R?) and v™ ¢ F*Y(R*, R?), (ii)
v™ ig a classical solution of (1) with u,=u{™, and (iii) lim,,_., || 4™ —u,|l,=0
and lim,,_.. sup,s, || v™(¢, -)—v(t, -)|,=0.

Proposition. If u,e F(R?), and if each B, e F(R*, R?) has a dominat-
g function B}f € F(R?) such that 3, s || B¥|ly<Rep, then there exists a
unique wide sense solution of (1).

The proposition is proved by a little modification of the argument in
[4], and the solution is represented by using the generalized Girsanov

density. For points y, &, &%, ... in R?, set
Y=o v,
HD=¢ and H)=L+ED4 ... Lgubd if 1=2.

We denote by p,(d{) and v, (¢, d¢) the measures corresponding to u,(x) and
B(t, x), respectively. From a similar calculation as in [4], we can also
write the solution u(t, x) of (1) as

(2)  ult,2)= uaD explic-a—p(c)

+Z:z°=l Z|am1=2q' . 'Zwm[:zq I, x5 2, -, a™),
where, with the convention s,=¢,

(3) I(tyx;a(l)y c 'ya(n))Ej dsl' * dsnjﬂo(dC)
t>81> 0 >8p>0

Xj ywl)(t_sn dg(l)) T I xJof‘"’(t‘_sm dE("’) eXp {’&H(n"}‘l) * x}

X [H711=1 GH®)=" exp {"p(H(l)>2q(sz-1 - Sz)}]
X exp {—pCH(n+1))s,}.
3. Our assertion in this paper is:
Theorem. Under the assumptions in the proposition, u(t, x) converges
to a constant in || ||, sense as t—oo.
Corollary. If the measure p, corresponding to u, is absolutely con-
tinuous in the Lebesgue measure, i.e.
ld=1,8d¢  for 4, e L(R?),
then the constant in the theorem is zero.
4. Using (2) and (3), we shall prove the theorem and the corollary.
Let {u™(t, x), ui™(x)} be a sequence as in the definition.
Step 1. First, we show that u™ converges to a constant in || ||, sense
as t—oo, for each m.
Denote by g™ the corresponding measure to u{™, and put 6=
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2iai=2q | B lo/Re p. Since [y*|<{y)* for |a|=2q,

[Tz, e, a e &'j‘f’ )l'L 1 Bl - -1 B
for |8|=2¢q, where I'™ is defined on (3) with 4™ in the place of y,. By this
and (2),

m)
(4) j 19Pum (2, )llodt<_(§_”u_;(#’__07 for |p|=2q.
After a similar calculation as above, we observe;
= - 140D llui™ |l
(5) j dum(t, )|, de< LD 1wl
| b= Re p)1-0)
(6) sup.zo Jum(t, ) 128 .

From (4), we can take a sequence {¢,} tending to infinity, and
lim,_.. [|8*u™(,, )[,=0  for |B|=2q.
On the Taylor expansion

u(m)(tp’ x) - u(m)(tw 0) == Zlg 181s2¢-1

xﬁ
Pu™(t,, 0)
18I ’

+ 21512 |:3] aﬂu(m)(t Yy ), 0y i),
we let p—oo, then (6) and the fact as stated above yield
N m)
i, o, | D e iiza0t aﬁu(m)(t O)l<w_”0_

lﬁl
This requires that lim,.., 0*u™(¢,, 0)=0 for 1<|p|<2q—1, because x may
be large enough. Consequently, we obtain
(1) lim,_. u™(t,, ©)=lim,_., u™(t,, 0)=c™.

On the other hand, since (5) derives that

“u(m)(T, ,)_u(m)(T/’ )I‘oéj:, Hazu(m)(t’ )“0 dt—>0

as T, T"—o0, u™(t, ) converges in || ||, sense as t—>oco. Combine this with
(7), then it follows that lim,_., [[u™(¢, -)—¢™|,,=0 for each m.
Step 2. From (6), we see that {¢/™},., is a Cauchy sequence, and set
c,.=lim,_. c™. Notice that
Sup,sr |u(t, -)—c.[h=sup,r |ut, -)—u™(, -,
+sth>T ” u(m)(t’ . ) - c;m) H0+lc(oom) —Co |y
and the theorem follows.
Step 3. Due to the assumption in the corollary, we can apply
Riemann-Lebesgue’s theorem to (2), and get
lim,, ... u(t, 2)=0 for each ¢=0.
Now a combination of this and the theorem derives the corollary.
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