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21. Local Cohomology and the Absence of Poincaré Lemma
in Tangential Cauchy-Riemann Complexes

By Shinichi TAJIMA
Faculty of General Education, Niigata University

(Communicated by Kosaku YosIDA, M. J. A,, March 14, 1988)

We study the cohomology groups of the tangential Cauchy-Riemann
complex with coefficients in microfunctions. In the section 1 of this note
we give a sufficient condition for the non-vanishing of local cohomology
groups with supports in certain closed subset. In the section 2 we show
that, under some geometric condition, the Poincaré lemma fails for tan-
gential Cauchy-Riemann complex with coefficients in microfunctions.

1. Local cohomology. Let X be a complex manifold of dimension «.
Let Oy be the sheaf on X of holomorphic functions. Let 2 be an open
subset of X and F the closed subset X—2. We denote by H%(©,), for k=
1,2, ---,n, the local cohomology sheaves on X with supports in F. Let P
be a boundary point of 2.

Theorem 1. Assume that there exists a germ of complex subvariety
V of codimension q passing through the point P which satisfies the follow-
mng conditions

(i) Visa complete intersection in U

(il) (VNnO)NnL=¢
for some neighborhood U of P.

Then at least one of the local cohomology groups Hw(Ox), Hi(O), - - -,

12(O) does not vanish at P.

The proof is based on the fundamental properties of the generalized
Bochner-Martinelli form (cf. [10]).

The following corollary is a natural generalization of a result of
Andreotti-Norguet [1].

Corollary 2. If, under the assumptions of Theorem 1, HUOy)r=
Hi(Ox)p=" - =HE(Ox) =0, then HiOx)r+0.

Regarding {P} as a complex submanifold of codimension n, we have
the following

Corollary 3. Let P be a boundary point of Q. If HiOxp= - =
ﬂ%(@X)on, then j[}«‘(@x)quO-

Note that Corollary 3 is a local cohomological version of a result of
Hormander Theorem (Th. 4.2.9 of [5]).

2. Tangential Cauchy-Riemann complex. Let Q2={z|p(z,2) <0} be
a domain in X with real analytic boundary N. Here p is a real-valued
real analytic function. (We assume that the gradient grad p of p does not
vanish on N.) F denotes the closed subset {z|p(2,2)=0}. Let Y be a com-
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plexification of N and let StY be the spherical conormal bundle.

We regard S§X=N_[|N_ as a subset of StY, where N, (resp. N_) is
the set of unit exterior (resp. interior) conormal vectors to N. The point
of N, which is the unit exterior conormal vector to N at Pe N will be
denoted by P,. Let d, be the tangential Cauchy-Riemann system induced
on N.

As an application of Theorem 1, we have the following result.

Theorem 4. Assume that there exists a germ of complex subvariety
V of codimension q passing through the point Pe N which satisfies the
following conditions :

(i) Visa complete intersection in U

(i) vnhnNr=¢
for some neighborhood U of P.

Then at least one of the cohomology groups

'-4[0”18;» (ab’ CN)’ €Xt18y (gb’ CN)? T 6’xtg;1 (3b7 CN)

does not vanish at P,. Here Cy s the sheaf on StY of microfunctions and
Ey 1s the sheaf of rings of pseudo-diff erential operators.

We also have the following

Corollary 5 (cf. Catlin [3], Diederich-Pflug [4]). If, under the as-

sumptions of Theorem 4,
ﬂomé’y (gb’ sz)P.,. = 8xt<1§'y (ab’ CN)P+ == 8’“2’;2 (ab’ CN)P+ = 0,
we have Ext;* (0,, Cy)p, #0.

Example 6. Let X=C® and let p=(1/2)(z,+2)+|2,[+|2[|2f. Set
Q2={(21, 25, 2) € X|p>0}, N={(2y, 25, 2)|p=0}. Let P=(0,0,0). Since the
complex submanifold V={(z,, 2,, #;) | 2,=2,=0} is contained in the closed set
F, we have

ﬂo'né’y (31;, C’V) |N+ =0, 8Xféy (ab’ CN)P+ #0.
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