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1. Problem and result. Recently, Ni and Serrin [3]-[5] considered
the existence and nonexistence problems of the ground state of the quasi-
linear elliptic equations and obtained several interesting results. In this
paper, we consider the existence of the bounded positive entire solutions
of the following two quasilinear elliptic equations
(P+/-) div (Du/1 +[Dul-’)-= +_ (Ixl)u
in Euclidean n-space R (n>3), where ql and Du denotes the gradient
of u. By an entire solution of (P+)[resp. (P-)],. we mean a function u e
C(R) which satisfies (P+) [resp. (P-)] at every point of R. We assume
that (r) satisfies

(A) e C([0, ), >0 on [0, f(f)dr

In the previous paper [1, 2], we established the existence theorems of
the bounded positive entire solutions of the semilinear elliptic equations,
under the analogous assumption to (A). We emphasize that the methods
used in [1] are also applicable for (P) by using some estimates for the
derivative.

Our theorem is stated as follows:
Theorem. Suppose that the condition (A) holds. Then (P/) and (P-)

have infinitely many bounded positive radial en$ire solu$ions, each of which
tends to a positive constant as

The assertion of the theorem is easily followed by combining Lemmas
2 and 3 in the subsequent sections.

2. Preliminaries. We seek positive radial solutions u= u(Ixl) of
(P+/-). Put r=lxl, p=lDul and A(p)=(l+p)-/, then by direct calculation,
we have P=lU’l and

div (A(p)Du) (A(p)u’)’ + (n- 1)r-1A(p)u’,
where ’=d/dr. Therefore, the problem is reduced to how to choose the
initial values a>0 so that the following ODE problems:

(Q) { ( 1 ) (A(p)u’)’+(n-1)r- A(p)u’=+_(r)uq, r>O,
(2) u(0)=, u’(0)=0,

have positive solutions.
Now, by the argument similar to that of [4, Proposition 1], we intro-

duce the integral equations which are equivalent to (Q+/-). Multiplying (1)
by r=- and integrating it over [0, r], we have
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(9)

where

(s)uq(s)ds.

Since A(p)0, if (Q+) [resp. (Q-)] has positive solution u(r), then it is clear
that u’(r)O [resp. u’(r)=<0] for all r>_0. Therefore, it holds that

A(p)p=: (sr-)- (s)u(s)ds.
We denote (p)--pA(p) and define by

( 4 ) n-’ (s)uq(s)ds.

If satisfies 0=<1 for all r_+/-0, then we have
( 5 ) p -’(e) e/d-e,
where -’ is the inverse of . Noticing the sign o u’, by an integration
of (5), we obtain the following integral equations

( 6 ) u(r) a+_[: -’(e)[u](t))dt.

Hence, we define the operators _* C([O, oo))-+C([O, oo)) by

(7) [](r)=o+_ -(O[](t))dt.

We shall find the fixed point of +/- by applying Sehauder-Tyehonoff’s fixed
point theorem.

The following estimates for O[](r) will be important in the subsequent
seetions.

Lemma 1. Let the amptio (A) hold. If C([0, oo)) atifie
O<(r)NC, >0,

where C is some positive constant, then the following two estimates hold
8 ) e[u](r)_<_mC, r O,

[r (9[u](t)dt <= (n-- 2)- [r S(s)uq(s)ds <-mCq n-2), r.>_ 0,
JO Jo

(10) m:max (: (r)dr, f: r(r)dr).
For the sake of the convenience o the subsequent discussion, we

introduce the following notation
(11) L()= sup )-’(0)0-’=1//i--, 0<<1.

o<o<. The equation (P-). In this section., we consider the existence o
the bounded positive entire solution, of (P-). The following lemma is
closely related to Theorem 2.2 of [1].

Lemma 2. If the initial value is suciently small, then (Q-) has a
positive solution which is bounded and bounded away frem zero.

Proof. Choose a initial value a0 so small that
.(12) 0 ma < 1,
(13) 1 L(maq)(a(n 2)) -’ 0,
where m is the constant determined by (10).

Let C([0, )) denote the locally convex space of continuous functions
on [0, ) with the topology of uniform convergence on every compact sub-



No. 6] On Bounded Positive Solutions 189

interval of [0, c). Consider the closed convex subset
X {u e C([0, )) () _<_u(r) <=, r >= 0}

o C([0, c)), where,
(14) k()=-L(maq)mq/(n- 2) >0.

Then by (11), (8) and (14), it is easily obtained that the operator -defined by (7) maps X into itself. From the Lipshitz continuity of -(0)
=0/(1--2)/2 on 00m (<1) and Ascoli-Arzel’s theorem, it is easily
seen that - is a completely continuous operator. Therefore, - has a
fixed point u e X. Q.E.D.

4. The equation (P+). In this section, we deal with the equation
(P+). The following lemma corresponds to Theorem 2.5 of [1].

Lemma 3. Let the assumption (A) hold. If the initial value a is
suciently small, then (Q+) has a positive solution which is bounded and
bounded away from zero.

Proof. Take a positive constant fl so that
(15) 0<m<l,
where m is the constant determined by (10). Next, choose an initial value
a0 so small that
(16) a-q fl-q + (q-- 1)mL(mflq)(n 2) -.
We note that agfl. We define a unction B(r) by

((17) B(r)= al-q--(q--1)L(mflq)(n--2)- t(t)dt
which is a solution of the following integral equation

(18) B(r) =a+L(mflq)(n-- 2)- s(s)Bq(s)ds.

It is readily seen that agB(r)gfl for all r0. We now introduce
Y={u e C([0, )); agu(r)gB(r), r0},

which is a closed convex subset o locally convex space C([0, )). By
virtue o (15) and Lemma 1, + is well defined on Y and an inequality,
a+[u](r), is satisfied. Consequently, we obtain

+[u](r) a+L(m) .[ 0[u](t)dt

+ L(mflq) I8(8)Bq(8)d8n--2
=B(r), r0,

by (11), (9) and (18). Hence, we have shown that +" YY. It is easily
seen that + is a completely continuous operator. Therefore + has a
fixed point u e Y, which satisfies (Q+) and agu(r)gfl or all r0. Q.E.D.

Concluding remark. We have considered the concrete equation o the
orm" A(p)=(l+p)-/, however this restriction can slightly be weakened.
For instance, i A(p) satisfies A e C([0, )) with A(0)0, then it is easy to
see that (0)=0 and ’(p)O or sufficiently small p0. Here (p)=pA(p).
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Hence -(.) is locally Lipshitz continuous on an interval [0, ] for some
:>0. Therefore, if we choose an initial value sufficiently small, then we
have : q-l(O[u](t))dtL(D : O[u](t)dt,

where [u](r) is defined as in section 2 and L(D=sup {-(0)/0; 00}.
This implies that the method used in the proof of lemmas can be applicable.

The author would like to express his sincere gratitude to Pro. Manabu
Naito and Prof. Shoji Yotsutani for their helpful comments concerning
this work.
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