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92, A Property of Certain Analytic Functions Involving
Ruscheweyh Derivatives

By Ming-Po CHEN*) and Shigeyoshi OwA**)

(Communicated by Kosaku YosIDA, M. J. A., Dec. 12, 1989)

1. Introduction. Let _4(p) denote the class of functions of the form
1.1) f@=2+ 3 e @edl={1,23, -]

=p+1

which are analytic in the unit disk U={z: |2|<1}. For functions f,(z) (j=
1, 2) defined by

1.2) fD=2+ 3 a2,
k=p+1
we define the convolution f,*f,(2) of functions f,(z) and f,(z) by
1.3) PR =2+ 3] 04,00,
=p+1
With the convolution above, we define
n+p-1 — zp /
1.4) D@ = (G J @ @A),
where n is any integer greater than —p. We note that
_ p(yn—1 ))(n+p—1)
(1.5) Drevip= 2@ .
s (n+p—1)!

The symbol D"*?-! when p=1 was introduced by Ruscheweyh [5], and the
symbol D**?-! wags introduced by Goel and Sohi [8]. Therefore, one called
the sympol D" *?-*! the Ruscheweyh derivative of (n+p—1)th order. It follows
from (1.5) that
1.6) 2D f(2)) =(m+p)D**? f(2) —nD™ 77 f(2).
Recently, Chen and Lan ([1], [2]) have proved some interesting results of
certain analytic functions involving Ruscheweyh derivatives.

2. A property. In order to derive our main result, we need the fol-
lowing lemma due to Miller and Mocanu [4].

Lemma. Let ¢(u, v) be a complex valued function,

¢: D—>C, DCC* (Cis the complex plane),

and let u=u+1iu,, v=v,+1,. Suppose that the function ¢(u, v) satisfies

(i) ¢é(u,v) is continuous in 9D;

(ii) @, 0 e D and Re{sd, 0)}>>0;

(ii) for all Guy, v,) € D such that v,<(—1+u2)/2, Re{g(iu,, v,)}<0.
Let q(2)=14q,2+ q,2*+ - - - be regular in U such that (q(2), 2q¢’(2)) € @ for
all ze U. If
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Re{g(q(2), 2¢'(z}>0  (z€ V),
then Re{q(z)}>0 (z e U).
Applying the above lemma, we prove
Theorem. If a function f(z) e JA(p) satisfies

Dn +pf(z)
2.1 Re {W}>a (ze V)
for some o (0<a<1), then
2.2) Re [21___”'7 (Z)]'g>r (2 e V),
zl’
where
1
2.3 0o<p< -
®3) <b= 2(n+p)1—a)
and
2.4) r 1

T2t p -1
Proof. Defining the function q(z) by

(2.5) [Pf%ﬁzl]LH(l—r)q(z),
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we see that q(z)=1+¢,2+q,2*+ - - - is regular in ¢UJ. Taking the logarithmic

differentiations of both sides in (2.5), we have
(2.6) 2D f(2) (1—12q'?)

D) P g A—na@)
Using (1.6), (2.6) implies
@7 DR 1w U-=negl®)
D 2= f(2) Bn+p)(7+A—7)q(2)
or
D2 1(2) (1—")2¢'(2)

2.8) Re{-—J* _ 4 =Re{l—
@.8) b{D“f'-*f(z) a} e{ “t E(n+p)(7+ (1 —7)q(2)

Letting

a—-nw

2.9 , V)=1— ,
@9 L s g g
we see that

(i) ¢(u, v) is continuous in P=(C—{r/G—-DPXC;
(ii) 1,0 ¢ D and Re{g(1, Ol=1—a>0;
(iii) for all (fu,, v,) € @ such that v, < —A+ud)/2,

2.10 Re {4(iw, v,)} =1— -,
@10 elplitn, v} =l et P A=
e TA=DA 40

28(n+p) (r*+ A —1)ud
_{28(n+p)A —a)—1}u;
28(n+p) P+ @A —1)u) ™

}>0.
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because 0 <<8<1/2(n+p)1—a), 0<a<1 and »>—p. Thus the function
é(u, v) satisfies the conditions in Lemma. Therefore, applying Lemma, we
have Re {q(2)}>>0 (z € V), that is,
Dr+r-11(2) ]ﬁ _ 1

2.11) Re [mzp > AT
This completes the proof of our theorem.

Taking p=1/2 in Theorem, we have

Corollary 1. If f(z) € J(p) satisfies the condition (2.1),

2. D™ (@) 1 q
@.12) Re /2" > araicert @D

where 1—1/(n+p)<a<l.
Letting =1/2(n+p)(1—«), Theorem leads to
Corollary 2. If f(z) € J(p) satisfies the condition (2.1), then

1

(2.13) Re [D"—Wi@]“"”’)“’“’ >_;_ (ze V).

zl’
Putting p=1 and n=1 in Theorem, we have
Corollary 3. If f(z) € A1) satisfies

2f"(2) _ ¢
@.14) Re| e |P2e—1 e,
then
74 B 1
2.15) Re (/> poqoog G,

where 0<<(1—a)/4.
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