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§1. Introduction. Let 7, be the n-th positive imaginary part of the
zeros of the Riemann zeta function {(s). We have shown in [1] and [2] that
for each integer k>1 and for T>T,,

TlogT " TlogT
Cl ].ng T S ngszr (rnn—rn) SCZ lng T ’
where C, and C, are some positive constants. The implicit constant C,
might be large. The purpose of the present article is to get an explicit C,
(for the case k=2) under the assumption of the Riemann Hypothesis. We
shall prove the following theorem.

Theorem 1. For T>T,, we have

Z (Tn-rl—rn)zgg "ZLT"'
a<T T
log —
2r

We shall prove this theorem as an application of the following mean
value theorem which has been proved in [5]. We put

S(t)=l arg C(—1—+it)
T 2
and
T T \-1 T \tetr-1 4
F@)=F@, D= (g log g) o<7,zr;sr (?7:) 4+ -1y
where 7 and 1’ run over the imaginary parts (#£0) of the zeros of £(s).
Theorem 2. Suppose that 0<4d=0(1). Then we have for T>T,,

[ se+n-sweya
= E{j"‘” @ l;c;_s_(a_) da +£° %(1 —Cos <aA log —27;>)da} +o(T).

7:2 0 T

In fact, we shall use it in the following form.

Corollary. Suppose that T>T, and 1/log (T/2r)<d=0(1). Then we
have with |0|<1 and the Euler constant C,,

r (St+ M) —S®)ydt=L log (A log i)
0 b 2r

+%<Co— sin (j izi (?Ti{zﬂ)) _]_23(@;1;1;5?4—2)-]-0(1)).
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To get corollary from Theorem 2, we notice that
r oot 1—cos (@) da=log (A log ll) +C,— Ci(A log l)
0 a 2r 2r
and that by Theorem 2 of Goldston [6],
" Fa) (1—cos (aA log l))da‘gz r F(:z) da<4.
1

1 2r a
To prove Theorem 2, we have applied Goldston’s work [6] and also used the
following lemma.

Lemma. Suppose that a LT+ with some positive constant A. Then we
hawve
W= > SG+a)gTlogT.

0Ty r+a>0
We shall give its proof below, using Selberg’s explicit formula for S(¢)
and the author’s recent results [3] on the distribution of the zeros of {(s).
§2. Proof of Theorem 1. Suppose that
3 <H=0( L)
2 log T loglog T'
21
Then using the first formula in the introduction, we get

ME Z (T'n+1'_'Tn)2£ Z (Tn+1—“7’n)2+H2 T Ingl‘+O( T )
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m<T T/10g2 T<rnsT 2r log®* T
rn+1—ra2H
C/loglog T'
- Y Gen—TDAy+H Y (T
H T/log2 T<yn<T T/og2 T'<rn<T
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+ 2n & 2r + log* T
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Now for H<y<(C/loglog 1),

2
Z (rn-yl—rn)gg Z (T'ILH_rn""“‘y)
T/1og? T<rn<T T/10g* T<rn<T 3

TR+1=Tn2Y Tn+1—1n2Y .
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Using the above corollary, we get
T sin (EH log 21>
Mo+M< 12HTT : {2 log (%H log _2_>+ZC,,+9— 5 e
2h _) ™ 2H10g L
(3 8 2r 3 & 2r
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PR V7 6 N 0(1)}+0<T(19§_1ﬂ)2>.

2 T log T
2h ) ( H1 _)
( g 27 3 o8 27

Putting H=B/log (T'/2x) and taking B=10, we get

2T 1 54r 3
M< — !B <21 2 42C, 49— ( B) ) 1
—log T 47r2{ B B o8 3 + + BSln +4Bz+4Ba +ol )}

2r

<8.55X%

27T
log o
We may remark here that we can estimate, in a similar manner, the
sum > ((r,,,—7,)/7)* for each integer r>2.
§3. Proof of Lemma. We use the following explicit formula for S(¢)
due to Selberg [10] (cf. 14.21 of Titchmarsh [11]). Let A(n) be the von
Mangoldt function. Then

1 Ay (n)sin (¢ log n) ( 1 Ay () ) ( logt )
S t _—— L4 O O ’
® T n;:n n’* log n log Y |<<ve portt t logY
where £>2, 4<Y <, ¢,=(1/2)+(1/logY) and
A ()= {A(n) for 1<n<Y
! A(n) log (¥?/m) for Y<n<Y-
logY

We use this with Y=T?, 0<b<1/2. We may suppose that a<+ Y, since
otherwise we may replace v Y —a by max(v Y —a,0) in the argument
below.

W= 3> Se+a)+0(TlogT)

VY —a<y<T
1y 4 5
 n<r: Nlogn T la<<r

1
+o(
logY /viaci<r

sin ((r +a) log n)
Ay (n) )

WV n01+i(?f‘;.l-a)

1

0( 1 ) O(Tlog T

+ fog ¥ mz,w og r+a))+0(T log T)
=W, +W,+W,+0(T log T), say.

Using theorem of [3], we get

W, L Z _AY(_@_
7<v: Nt log n

nif
VY —a<y<T

Ay (1) (T A(’Q + /7 log T loglog T) LTlogT.
7<rs Nt log n NET

A (?’L) 2y 1/2
T T _ A\
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T1 T{Tl T 5 A Ay(m) 4, (n)
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= 10; Y ‘/T lOg T{W4+ Ws}l/zy say.
Using theorem of [3] again, we get

m<nlY? n m<n<¥? J mn

log K2
m

Ay(m) Ay (n) Ay(m)Ay(n) ( 0\ T log* T
D g 7, Moo (2)

mn<ye mén<ys /MmN m loglog T

Ay(m)Ady(n) Ak) 1 .

m<n<ye n 3(n/m) <k<I(afm) st (m/m) ‘log < ) ) ’
mk
The last sum is

Llog T

+

1

n
tog (7|
Treating the other sums similarly, we get
W.«Tlog*T.
Since W, LT log® T, we get W,«T log T.
Since W,« T log T, we get
W«TlogT.

(3 AR A m) S <.

aaver d m 1aln<ad
d#n
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