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§1. Introduction. L* denotes the space of a-summable function on
RY with the norm | -|,. H* represents the standard Sobolev space of
order s on RY. We will use the abbreviation |- ||=| - |,. We put i=+—1,
0=2+44/N, 9,=d/at, 0,=0d/ox; (j=1, --,N), V=@, --+,dy) and 4=V-V
(Laplace operator on RY). (I; L*) denotes the space of continuous funec-
tions from a interval ICR to L* with the norm |- |, ...;=sup;c/ |- @Oll.. If
I=R, we will use ||, . g=||a,~- ¢ denotes the Lebesgue measure on R".
For brevity we write [f>yl={x e R"; f(x)>7}.

This paper is concerned with the following Cauchy problem for the
nonlinear Schriédinger equation :
cw) 29, u+du+|ulf'u=0, (¢, x)e RXR",

w0, x)=u,(x) xe€ R",
where 1<p<2*¥—1 (2*=2N/(N-2) if N=3, arbitrary number larger
than 2 if N=1 and 2). It is well known that for any u, ¢ H', there exist
an open interval I in R containing the origin and a unique solution uy(t, x)
of C(p) in C(I; H') which satisfies two congervation laws;
(1) e ()=l
2
— 2 __

(2) Ep.(up)=|Vup o1

If 1<p<1+4/N, u, exists globally in time, i.e., I=R by (2) and the
Gagliardo-Nirenberg inequarity. That is, there is a positive constant
C(p, E;) such that
(3) |VuP|2,eo’ IuP!P+1,eo<C(p9 E;).
If p=14+4/N, however, there exist singular solar solutions exploding
their L* norms of the gradient in finite time (blow-up): Each singular
solution u(¢) shows that

lupllpii=Ep, ().

(4) lim,_ . ||Fu(t)|= oo for some T ¢ R.
So it can occur that
(5) limsuD‘PT1+4/NlVuPIz,eo=limSU-pPu+4/NluPla,oo= .

Thus our purpose is to obtain more precise analysis of the behavior of
(up) as p 1 1+4/N in C(R; L°) (or C(R; HY)). We will consider the rescal-
ing function:

(6) Up, (8, )= 2 Up(25t, Ap2),

where

(7) =1/ up|?%, (—0aspt1+4/N).
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This leads in a natural way to the consideration of functions (¢, x) in
C(R; HY) satisfying the pseudo-conformally invariant nonlinear Schrod-
inger equation :

(LP) 2i0,u+ du+2A|ul*u=0, (&, x)e RXR",
where
(8) 0£) 2=limp,,, xz" 7% (Z1).

Here we note that (LP) arises in the nonlinear optics as a model of the
self-forcusing of a laser beam.

Our main result is the following

Theorem A. Let {uy} be a family of solutions of C(p)’s for 1<p<l+
4/N in C(R; H") with (5). Let {p,} be a sequence such that p, 1t 1+4/N
and lim,_,|Vup), ..=1lim, _...|%p|, .=o0 a8 n—o0. Set
(A.1) 2=2p,, U, X)=Up, ., ),

(A.2) E, )=| o) — —i—znvuz.

Then there exists o subsequence of {u,} (we still denote it by {u,}) which
satisfies the following properties: one can find L € N, solutions {w'} of (LP)
in C(R; H) with E, ,(w)=0 and sequences {(s,, ¥3)} in RXR" for 1<j<L
such that

(A.3) im,_..|(S, ¥ —(Su YD |=00  (G+k),

(A.9) w=u,(- +8, - +y)—u' weakly* in L>(R, H'),

(A.5) wi= " —uw (., - F+yd—-u' (G=2) weakly* in L=(R; HY),

(A.6) lim, ., f {E, w)—FE,,,(u—uw)—E, (w)}dt=0, for any IR,
I

(A.D lim,_...||%(0) —%'(0)||,=0.

Corollary B. Let Q be a nontrivial minimal L* norm solution to 4Q—
Q+|Q""=0 (Q e HY). If |lus(t)|=|Q|, then we have L=1 (in Theorem A)
and
(B.1) lim,_..||43(0) —'(0)|,=1im, ., || F%;(0) — Fu'(0)[.= 0,
where u' is a solution of (LP) with 1=1.

§2. Sketch of proof. First we note that the rescaling funcion u, is
a solution of

(9) 200,00, -+ Mty 25 F P 4, [P 1, =0,
and satisfies

10) % 1= 1% s [Unlo, =1,

(11) limsup,.. ¥, (#,)<0, for some t e R.

Thus one can see that {u,} is a bounded sequence in L>(R; H') by (11) and
the Gagliardo-Nirenberg, so that we have from (10) and (11),

Lemma 1. wu, satisfies
12 sup,c g plllu(t, )[>7)>C
for some constants », C> 0 independent of n.

We proceed.

Lemma 2. {u,}ts an equicontinuous family in C(R; L%, and form an
equibounded family in C(R; H') such that (12) holds true for some constants
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7, C>0 independent of n (by Lemma 1), so that there exist a sequence

{(80» Y1)} TR X R" such that

(13) Un(- +8py - +YD—UF0 asn—oo

weakly* in L*(R; H') and strongly in CU ; L*(Q)), where Ic R and Q< R”.
Lemma 3. {u,}is a uniformly bounded sequence in L°(I XR) for any

interval I in R and we have thot u,—u' a.e. IX RY (by Lemma 2). Then,

14) |, [N, — |, — v Y (w, —u') — | u | Yu' —0 as n—>oo
in L(I X RY), and
(15) limnﬁ,mj (jR llu,,l"—lun—u‘r’—[u‘["[dx)dt:O,

I N

where 1/o+1/0' =1.

Lemma 4. Put wi=u,(-+s,, - +95). u' e C(R; HY) is a solution of (LP)
and satisfies
(16) lim,_., L (E,(uw)—E, (u,—u")—E, ,(u")}dt=0
for IcR.

Suppose lim,_ ., |u,—u'|,..#0. At this stage, we consider fi=u,—u'
which also forms a bounded sequence in L*(R; H'). It is worth while to
note that f2 enjoys the property
an 200, 2+ A2 42| F115 20
weakly* in L*(R; H-') as n—oo. Repeating the above argument, we
obtain the main assertion of Theorem A. We also have

Proposition B. If u is a global solution of (LP) such that we C(R; H),
then E, (1) =0.

Thus we can complete the proof of Theorem A.

Remarks. 1. Theorem A is closely related to a phenomenon which
has been observed in various nonlinear problems by the name of bubble
theorem or concentration-compactness theorem (for example, see [1], [4]
and their references).

2. (B.1) suggests that blow-up solutions may exist beyond the blow-
up time in some sense.

3. Lemma 2 is a space-time version of Lieb [3; Lemma 6], and
Lemma 3 is a variant of Brézis-Lieb [2].

4. The proof of Theorem A is inspired by the work of Brézis-Coron
[1]. One may find the idea of it in [4].
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