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1. Introduction. Let M be a a-compact connected C manifold of
dimension n, and let pr(M) be the bundle of frames of r-th order contact
over M with structure group Gr(n) and natural projection ([6], [7]). The
purpose of this paper is to give a condition that a stochastic flow of dif,-
feomorphisms generated by a stochastic differential equation on M be a
stochastic flow of automorphisms of a G-structure of degree r (i.e. a G-
subbundle of P(M)) for a closed subgroup. G of G(n) by using It6’s formula
for fields of geometric objects ([1]). Our main result (Theorem 3.1) gener-
alizes some results-in [4], [9], [1] on stochastic flows of diffeomorphisms
leaving tensor fields invariant.

We assume all non-probabilistic maps (and vector fields) in this paper
are smooth. The tangent bundle over M is denoted by T(M), and the tan-
gent space at x e M by T(M). Throughout the paper, indices take the fol-
lowing values a, fl=l, 2, ., k; 2=0, 1, ., k.

2. Preliminaries. Let M and G be as above. The quotient space
P(M)/G is then a fiber bundle with standard fiber Gr(n)/G associated with
pr(M). There is a natural one-to-one correspondence between the sections
M---+Pr(M)/G and the G-structures of degree r on M ([8, pp. 57-58]). A
transformation 9 of M induces a transformation of pr(M) by (](f))=
](9 f) for any ](f)e pr(M), where ](f) is the r-jet at the origin 0 e R
given by a diffeomorphism f of an opeI1 neighborhood of 0 e R onto an
open set of M with (](f)) "=f(0). Then induces a transformation
of Pr(M)/G such that o/=/ , where [2"P"(M)--pr(M)/G is the projec-
tion. For a section a: M-+pr(M)/G, we define a section 9a: M---+pr(M)/G
by 9a=- a 9.

Correspondingly, a vector field X: xX() e T(M), :v e M, on M in-
duces a vector field X on P(M) and a vector field X on pr(M)/G in a natural
manner, sin.ce X generates a local one-parameter group of local transforma-
tions 9t of M and 9t induces naturally a local one-parameter group of local
transformations t [resp. ,] of P(M) [resp. P(M)/G]. We set
a 9t. The vector field [resp. X] is called the natural lift of X o. P(M)
[resp. P(M) /G]. We denote by Lxa" M--T(P(M)/G) the Lie derivative of
a with respect to X in the sense of Salvioli ([10]) it is defined by
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d(L)(x) .=- o

=z,(X(x))--X(z(x)) e T((P(M) /G), x e M,
where z, stands or he differential o

Lemma 2.1. Let G be a cosed subgroup o[ G(n). Let P be a G-
structure of degree r o.n M, and let z" M--P(M) /G be the corresponding
section. Then"

(1) For a transformation o[ M, the G-structure o[ degree r corre-
sponding to, is given by -(P).

(2) A transformation o[ M is an automo.rphism

(3) A vector field X o.n M is an infinitesimal automorphism of P if
and only if Lxa=O.

Proof. (1) Since/=(a)
a oo, we have {pepr(M) p(p)--a((p))}=-(P). (2) and (3) ollow
2rom (1).

:. Main result. Let M and G be as before. Let X0, X,...,X be
vector fields on M. For each 2, let X denote the natural lift of X to Pr(M).
Consider the following stochastic differential equation in the Stratonovich
2orm"
(3.1) dgt X(pt) dw,

where w--t, and wt=(w,..., wt) is a k-dimensional Wiener process ca-
nonically realized on the k-dimensional standard Wiener space (cf. [5], [9]).
The solution with initial condition p=p e P(M) is denoted by p,(p)=
(P,t(P, w)), so that P,t is a (stochastic) map P,t" P(M)---pr(M)

Now we state our main result.
Theorem :.1. For a closed subgroup G of Gr(n), suppose a G-

structure P of degree r is given on M. Let a" M--P(M) /G be the section
corresponding to P (c2. 2). Assume (3.1) generates a stochastic flow of
diffeomorphisms P,t (O_s_t) of pr(M), a.8. Then the stochastic flow of
diffeomorphisms ,t of M induced by P,t is a stochastic flow of automo.r-
phisms of P, a.s. if and only if Lxa--O for each

Before proving Theorem 3.1, we note that ,t is also generated by the
stochastic differential equation
(3.2) dt , X(t) dw.

"rMoreover, or almost all w, we have P,t(o(f))-"](s,t f)’-,(J(f)) or
any ](f)e P(M) and s, t with

Proof of Theorem 3.1. As is easily seen, p,t induces a stochastic flow
of diffeomorphisms V,t(=$,) .of pr(M)/G in a natural way; ],t is also gen-
erated by the stochastic differential equation

d--_ X(e) dw,

where each X is the aatural lift of X to P(M)/G. Consider the stochastic
deformation ,ta=-, a , of a by 5. By Lemma 2.1, we have only to
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prove that [ta=a (a.s.) holds if and only if xa=O or each . To prove
this, we shall use the following theorem, in which the following notation is
used" If Y is either a tangent vector or a vector field on a manifold N, we
denote by Y[H] the operation of Y on a function H" N--R.

Theorem 3.2 (ItS’s formula for s,ta). Fo.r every function F" pr(M)/G
---R, it holds that

F (,ta)(x)--F a(x)

,t(x, F) + (X,(s,(x))[((Lx,a)(.))[F

((Lx,a) ,(x))[X,[F ri:u]]).du, (x e M),
where .dw stands for the It5 stochastic differential, and

2s,t(x, F) "= (,)l((Lxa) s,u(X))[F] dw.

Proof. Use [1, Theorem 3.1 (cf. 5.2)].
Now that Theorem 3.2 is available, we can finish our proof of Theorem

3.1 easily" By Theorem 3.2, we see that ,a=a if Lxa:O for each 2.
Conversely, suppose ,a--a. Then, by Theorem 3.2, the (local) martingale
part of the continuous semimartingale F (,a)(x)--F a(x) (=0) is given
by , q,(x, F), and the bounded variation part of (, q,(x, F)). ;,(x, F)
is

The integrand of (3.3) being continuous in u, it holds that (q,,)i((x.a)o
,u(X))[F]=O for any u (:>s), so that (x.a)(.)[F]--O and thus x.a-----0 since
F is arbitrary. Using Theorem 3.2 again, we have moreover
(The "only if" part of Theorem 3.1 can also be proved by using a backward
It6’s formula in [3].)

For example, let P be a projective structure on M with n_>2, r--2 and
G--H(n) in the sense of [7] (cf. [6]). Then, with respect to P, , gener-
ated by (3.2) is a stochastic flow of projective transformations of M if and
only if each X is an infinitesimal projective transformation (see also [1],
[2]).
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