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20. A Note on the Artin Map. III

By Takashi ONoO
Department of Mathematics, The Johns Hopkins University

(Communicated by Shokichi IYANAGA, M. J. A.,, March 12, 1991)

This is a continuation of our preceding papers [4], [5] which will be
referred to as (I), (II), respectively. In (I), we defined, for a finite Galois
extension K/k of number fields, a surjective monoid homomorphism (a
generalized Artin map)

0.1) s IT(S)—>M

where S is a finite set of finite primes of % containing all primes which
ramify in K, I*(S) the free commutative monoid generated by primes p ¢ S
and M the multiplicative monoid generated by averaged class sums (see (1.1))
in the center of the group ring Z[1/n][G]l, G=G(K/k), n=the order of G."
In this paper, we study the K-group K(M) of the monoid M and prove that
KM)=G*=G/G, G’ being the commutator subgroup of G. Then, taking
the K(*) of both sides of (0.1), we get a surjective group homomorphism
0.2) I(S)—>G*?

which is essentially the Artin map in the maximal abelian subextension
K[k of K|k.

§1. K(M(G)). Let G be a finite group and ¢,, 1<i<7, be a complete
set of representatives of conjugate classes of G. Denoting by h, the cardi-
nality of the conjugate class containing ¢,, consider the averaged class sum:
1.1 Ti=—1— 2. 0¢€ Z[—:;][G], n=order of G,

i 99

and the commutative monoid M(G) generated by 7,, 1<i¢<7, in the center of
Z[1/n][G]:
(1.2) M@G)=y, -+ To).

Let K(M(G)) denote the K-group of M(G).» The canonical surjective
homomorphism G—G*® extends, by linearity, to a ring homomorphism
Z[1/nl[G]—Z[1/n][G**], which induces a surjective monoid homomorphism
(1.3) 0: M(G)—>M(G**) =G>
such that ¢(7;)=0, mod G'.® Therefore there exists a surjective homomor-
phism ¢ which makes the diagram below commutative:

D Unlike (I), (II), we use I'(S) for monoids of integral ideals and use I(S) for
groups of fractional ideals, i.e., I(S)=K(*(S)). I take this opportunity to thank
Messrs. Morishita and Tanabe for discussions on K-groups.

? As for the K-group (or the Grothendieck group) of monoids, see, e.g., [2], pPp.
58-59.

»  Note that we took the average of the class sum in (1.1).



80 T. ONo [Vol. 67(A),

1.4) M@O——EM®)

Nt
If we adopt, for a commutative monoid M, the mode of definition
L.5) KD orxmy )~

where, for a, b, ¢, de M,

(a, b) ~(ec, d)éadu:bcu for some v e M
and put [a, b]=class of (a, b) in K(M), then we have x(a)=[a, 1], &([a, b])=
e(@e~'(b) in (1.4).

Now, back to our M =M(G), we want to study Kerg. To do this, we
had better go to C-characters of G. Let %, 1<v<r, be the set of all irre-
ducible C-characters of G. Among them we agree that X, 1<v<s, are
linear and the rest are nonlinear. For each character %, we put X*(¢)=
X(0)/X1), 6 € G. Let C[G], be the center of the group ring C[G]. Then by
the isomorphism

1.6) o: C[Gl,—>C",
we can identify M =(7,> with the monoid X =<(¢,> where

.7 g=a()=|1*@)|eCr.®

For two elements a, b ¢ M(G), suppose that
1.8) a=T1]71%,  b=[] 1
i=1 i=1
Then we have
[a, b] € Ker g&=>o(a)p~'(b)=1
=1 ai‘(ﬁ a{’>_l e
i=1 i=1
T te)ri=1, 1=u<s,
and so
.9) [0, b e Ker g [ 100 =[] 40",  1<v<s.
i=1 i=
Now put u=[]7.,7,. Since (1.7) yields
o@=[&  w®=]]&,
we have

.
iﬂl Lo+ Vs,

. o i

olau)=[] &' = :
i=1

I Xf,"(}fﬁeﬁl v>8.
i=1 .

©  See (I), (7)-(10), also (II), (2.7), (2.8).
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By a theorem of Burnside ([1], p. 36, (6.9)), for v>s, we have X*(¢,)=0 for
some 7, 1<i<r. Hence we get

-

I 1o
(1.10) olou) = . , and similarly for bu.
0

Therefore, if [a, ] € Ker ¢, we have, from (1.9), (1.10), o(ou)=w(bu) and so
au=bu, i.e., [a, b] ~[1,1], which shows that Ker g=1. Since ¢ is surjective,
we get the isomorphism :
1.11) 7: K(M(@)—=>Ge*.

§2. ag; and ag,. Taking the K-groups of both sides of (0.1), we
obtain a surjective group homomorphism
@.1) @t 1(S)—>K(M).
On the other hand, let K’ be the maximal abelian subextension of K/k.
Then, we have the Artin map (for abelian extensions) :

g s IS)—>G(K' | k) =G, G=G(K|k).

IS5 M
K

16S) X% R(M) —2 > Ged

(3

¢

For p € I(S), we have

Gt (P) = (et () = [1%—"] mod G/ = [Kié =( Kp/ £ ) =awnt®),

which shows that
2.2) O e = O gr/pe

Remark. (2.2) implies that Ker @y, =Ker ag,,=S0)Ng, Iz (m), the
Takagi group for suitable module m in %.®
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