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87. On Ono’s Problem on Quadratic Fields

By Kakuzi YoSHIDOME and You ASAEDA
Department of Mathematics, Gakushuin University

(Communicated by Shokichi IYANAGA, M. J. A., Dec. 12, 1991)

1. Prof. T. Ono [1] posed the following problem on quadratic fields.
Let m be a square-free integer, k=Q(,/m), 4, the discriminant, X, the
Kronecker character and M, the Minkowski constant.
VA if ks real,
M={ 2

2/ — 4,
T
The problem is to determine the set K* of all %¥’s such that X,(p)=+1 for
all rational primes p<M,. Obviously K*DFE,={k=Q(ym)|m=—1, +2,
+3, 5, —7, 13} as there is no primes <M, for ke E,. We put K*\E,=S.

Our problem is to determine S.

In [1] it is conjectured that
*  S={k=Q(ym)|m=117, 33, 73, 97, —15, —23, —47, —T1, —119}.

Our aim is to prove this conjecture. (*) is easily deduced from the follow-
ing theorem, where (n/|m|) is the Jacobi symbol.

Theorem. Let m=p or pq, where p, q are distinct prime numbers.

(1) If m=1 (mod 8) and T<ym [2<p, q, then there exists an odd
prime p’<,/m |2 such that (p’ /m)=—1.

(2) If m=T (mod 8) and 20<y/m, 2y m [a<p, q, then there exists an
odd prime p'<2,/m [z such that (p’ [m)=—1.

2. We shall prove this theorem in each of the two cases (1) and (2).
To prove the case (1) we need the following Proposition.

Proposition. Let m=p or pq, where p, q are distinct prime numbers
such that m[2<p,q. If m=1 (mod8), then there exists an odd prime
p’'<ym such that (p’/m)=—1.

Proof. Let m=p. Assume (p,/m)=-+1 for every prime p,<,D.
Denote p, the minimal prime satisfying both conditions +» <p,<p and
(po/m)=—1. There exists a positive integer n<,/p such that 0<p—np,
<p;. Then 1=((p—mnp,)/p)=(—1/p)(n/p)(®,/p)=—1, which is a contra-
diction.

A similar proof is valid for the case m=pq.

3. Proof of the case (1). Assume (p,/m)=+1 for every prime p,<
J/m[2. Then we have m=1 (mod 8) and m=1 (mod 3) by the assumptions
7<ym/2and (3/m)=+1. Let p, be the minimal prime such that ,/m /2
<p<4m and (p,/m)=—1. Such p, exists because of the above proposition.

Put

if k is imaginary.
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G ={x € N|all prime components of z<,/m /2}
G,,={x € N|all prime components of z<p,}.

There exists a positive integer » such that 0<m—np,<p,, where

Il leg,
e 2p, Jym2<p,<m, p, is prime,
3p, Jm[2<p,<2/m [3, P, iS prime,
Py Jym—1<p,;<2y/m, P, is prime.

If n=leG, then (m—Ip,,m)=1 and ((m—Ip,)/m)=1 because m—Ip,<p,,
but ((m—1Ip,) /m)=(—1/m)(l/m)(p,/m)=—1, a contradiction.

Let n=2p, or 3p, or p,. Put m—mnp,=r. If we can choose a suitable
integer a such that |n—a|e G and |ap,+7| e G,,, then (n—a, m)=(ap,+r, m)
=1 and ((n—a)/m)=((ap,+7)/m)=+1, hence ((m—(n—a)p,) /m)=((ap,+7)
/m)=1. On the other hand ((m—(n—a)p,)/m)=(—1/m)(n—a)]m)(p,/m)
= —1, which is a contradiction.

So we have only to find ¢ such that |¢|<7, a=n (mod 5) and that ap,
+7 has a factor >ja|and € G. The following Table A shows how we can

find it. This table is made as follows.
Table A
(a) n=2p,
Po=5 (6) Pe=5 (6) po=1 (6) po=1 (12) po=T (12)
p1=5 (6) p1=1 (6) p1=b (6) =1l (6) m=1 (6)
1 1 1 1
-3 -3 -3 7
“ 2 3 3 —2 -2
-1 -1 -1 -1
(b) n=3p,
D=1 (6) Po=5 (6) Po=b (6)
p2=1 (4) P2=3 (4)
—4
2 1
a _9 -1
-1
() n=p,
ps=5 (6) ps=1 (6)
Po=5 (6) po=1 (12) | poe=1 (12) | po=7 (12) | pPe=T (12)
ps=1 (4 ps=3 (4) vs=1 (4) ps=3 (4)
—4 —4 6 6 —4
2 -3 -3 -3 -3
-1 -2 —2 —2 -2 -2
-1 —1 -1 —1 —1
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Three cases are considered, (a) n=2p,, (b) n=3p,, (c) n=p,, and each
case is further divided according to the nature of p, and p, (:=1,2,3). If,
for example, p,=5 (mod 6), p,=5 (mod 6) in case (a), we can take a=2. In
this case, the condition a=n (mod 5) is unnecessary, because a satisfies
a=n (mod 4). If p,=5 (mod 6), p,=1 (mod 6), then we can take a=1, —3,
3, —1 according as n=1,2,3,4 (mod 5). If p,=5 (mod 6) in case (c), we
can take a= —1 which satisfies a=#% (mod 6). Likewise in other cases.

4. Proof of the case (2). Assume (p,/m)=+1 for every prime p,<
2ym/x. Put

M ={x e N|all prime components of x<2,/m /x}.

(I) If there exists an integer a € M such that m—a e M, then (m,a)
(m,m—a)=1 and 1=((m—a)/m)=(—1/m)(a/m)=—1, which is a contra-
diction.

(IT) If there exists an integer b such that m —b*e M, then (m—0b% m)
=1and 1=((m—b*)/m)=(—1/m)(b/m)*=—1, which is a contradiction.

Thus the proof will be done if we can show that there exists either (I)
a withae M and m—a e M or (II) b with m—b*e M.

Put now a,=[y/m]. If m=a}(mod5), we have only to put b=a, to
get b satisfying (II).

By the assumptions that (p,/m)=+1 for every p,<2y/m /z and 20<

Table B
(a) m=1 (mod 5)

tl tz ts tl tz ts tl t2 t3 tl tz ts t1 t2 t3

010((-2,2]020((-22(100]| (=33 |110| (=33 (12 0]|(-8,—-2)

012|(—6,4|022|(—4,0[102| (1,01 112[IO,-23|122] (=9,5
013|(-=,00{023| ( |1038](-1,00 113 & |123I/1,—23
*
th ta t3 ta | m=3(T) | m=b5(7) | m=6(7) | t1 &2 &5 &4 | m=3(7) | m=b(T) | m=6(7)
0230 (=22 | (=2,1) |(=13,13)| 1 1 3 0| (=4,1) | (=3,3) | (=1,1)
023 1| (=31 | (=21 | (=44 | 1131/ =31 (=42 | (=33
023 2] (=32 | (=62 | (=65 |113 2| (LD | (=83 | (4,2
023 3] (=41 ]| (-=2,2) | (=62 | 113 3] (=41 | (-83) |(=9,—4)
023 4| 21| (=22 |32|1134]| 91| (=55 | (-32
023 5](=10,9 | (=3,1) | (=4,1) |1 13 5| (=1,1) | (=3,1) | (—4,1)
023 6| (=32 | (=40 | (=44 | 113 6| (=3,2 | (=7,3) | (=3,3)
(b) m=4 (mod 5)
bttty tts ty tts b thta ts tts by

010/ (449 /020|(-449H|{100| (-, 1)|110| (1D |120]| (1,1
(-2,00|021|(-1,1) 101 (%) 111(-53 |121 ()
(-1,1) |0 2 4 () 104 () 114 () 12 4|(d,-23)

o o
[T
[ QY
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J/m, we have (m/3)=(m/T)=—1, (m/5)=1, which means m=2 (mod 3),
m=1, 4 (mod 5), m=3, 5, 6 (mod 7).

We shall put a,=t, (mod 2), =t, (mod 3), =%, (mod 5), =t, (mod 7), and
congider the different cases according to the values of (¢, t,, &5, tJ), ¢, € {0, 1},
t,€{0,1,2}, t,€{0,1,2,3,4}, ¢t,€{0,1,2,3,4,5, 6.

If ¢,=¢,=0, i.e. 6]a,, then a=(a,—3)(a,+3) satisfies obviously (I). If
m=1 (mod 5) and ¢,=1 or 4, or if m=4 (mod 5) and ¢,=2 or 3, then b=aq,
satisfies (II) as noticed above.

The following Table B will show how we can get a satisfying (I) or b
satisfying (II) in all other cases.

This Table B consists of two tables (a) for the case m=1 (mod 5) and
(b) for the case m=4 (mod 5), and to (a) and (b) are attached (*) and (**)
respectively.

If, for example, t,=0, t,=1, t,=0 in case m=1 (mod 5), we can take
a=(a,—2)(a,+2). Thus (s,t) in Table B means that we can take a=
(ag+8) (@ +1).

If t,=0, t,=2, t,=3 in case m=1 (mod 5), the table (a) refers to (*).
Then we must consider different values of ¢, and further the different
values of m mod 7. If, for example, ¢, =0, t,=2, t,=3, t,=0 and m=3
(mod 7), we can take a=(a,—2)(a,+2).

(**)

t ta tg ta | m=3(T) | m=5(T) | m=6(7) | t; ta ts t4 | m=3(7) | m=5(7) | m=6(7)
02 40 (—2,2) (—4,4) (—6,6) 1140 (—5,5) (—3,3) (—1,1)
0 2 41 (—6,4) (-2,1) (-1,1) 1141 (—3,1) (—4,2) (—3,3)
02 4 2 (—4,0) (=5,1) | (-10,6) | 1 1 4 2 (—1,1) ((IO,—2,3) (—4,2)
0 2 4 3 |(—8,-5)| (—2,2 (—6,2) 114 3 |(U,-5,6) (—5,5) |(II,—4,5)
0 2 4 4| (—2,1) (—-2,2) | (—-10,2) | 1 1 4 4 | (9,1 (-3,1) (—3,2)
0 2 4 5 | (—=10,7 | (—6,4) (—8,0) 1145 (-1,1) (—3,1) | (—14,6)
0 2 4 6 | (—10,2) | (—4,0 (—4,4) 114 6| (38,2 [(II,—5,6) (—3,3)
101 0| (—12,5) | (=3,3) (-1,1) 1210 ((-3,-1D]| (=21 (-1,1)
1011 (—6,4) (—5,3) (—3,3) 1 2 1 1 |(—13,-3)] (—2,1) (—3,3)
101 2 (—6,6) | (—15,3) | (—6,0) 121 2 (-1,1) | (—15,3) | (—5,3)
101 3 (—17,5) (-7,1) (=10 1 21 3 (—=17,5) (—5,5) |(O,-—2,3)
1 01 4| (=91 (—6,4) (—6,0) 1 21 4| (=21 (=5,5) |(11,—6,7)
1015 | (-1,1 (-9, 6) (—1,0) 12 15| (-1,1 (—6,4) (—8,7
1 01 6| (=75 |(=5-1)! (-=8,3) 1 216 (—17,5) (—=17,3) (—3,3)
1040 (—4,1) (—3,3) (—1,1)

1 0 4 1| (—1.,5 | (—3,0) (—3,3)

10 4 2 (-1,1) (—3,0) (—6,0)

10 4 3 (—4,1) (-7,1) (—1,0)

1 0 4 4 | (—13,5) | (—1,0) (—6,0)

10 45 (—3,0) (-1,8) (—=1,0)

10 4 6 |(-5-3| (-7,3 (—3,3)
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In case t,=1, t,=0, t,=2, m=1 (mod 5), the table (a) gives (11, 0, 1).
In general, (11, s, t) means that we should separate two cases according as,
e<1/2 or ¢>1/2 where e=,/m—a,, and b=a, satisfies (II) if ¢<1/2, while
a=(a,+8)(a,+1%) satisfies (I) if ¢>>1/2. Thus in the present case, we have
b=aqa, or a=a,(a,+1) in each case. Likewise in other cases.
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