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1. Introduction and results. Let {Xn}.-1 be the sequence of Za

valued independent identically distributed random variables defined on a

probability space (tg, , P). Define So 0 and Sn =xXk. The se-

quence of these random variables {Sn)no is called a random walk starting at
0. Let Q be the number of the distinct lattice points which the random walk
visits once and only once in the first n steps. This random variable is called
the single point range of the random walk up to time n or merely the single

point range.
We assume the random walk is aperiodic, that is, no proper subgroup of

the state space contains the set of x such that P(X- x) > O. If there
exists a positive integer Nz satisfying that P(S- x) 0 whenever n _>

Nx for every x Za, the random walk is called strongly aperiodic.
We obtain the asymptotic behavior of the variance of Qn and then can

show immediately that the weak law of large number is obeyed.
Theorem A. For a strongly aperiodic, two dimensional random walk with

EX 0 and E 12 < oo, there exists a positive constant K such that

lim
(log n) Var Q cK,

noo n
where cx 27r(det )1/2 and is the covariance matrix ofX.

Theorem B. Under the same condition as in Theorem A, it holds that
lim P(IQn- EQ I> eEQ) 0

for any e >0.
By the following theorems, we aware that the estimate of Vat Qn is

different from that in the case d -> 3. Let p P(S :/: 0 n 1,2, "’).
Theorem 1 (Hamana [2]). If d >_ 4 and p < 1, then there exists a positive

constant az such that

lim Vat Q,

Theorem 2 (Hamana). If d 3 and p < 1, then there exists a slowly
varying function gb (n) such that

lim Vat Q,
1.._ n(n)

Let Rn be the number of the distinct sites visited at least once by a ran-
dom walk. In the two dimensional case, the asymptotic behavior of Rn was
derived by Jain and Pruitt. However, this is not similar to Vat Q,.
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Theorem 3 (Jain-Pruitt [4]). For an aperiodic, two dimensional random
walk with EX 0 and E IX11 < oo, there exists a positive constant L such
that

lim
(log n) 4 Vat Rn c[L,

noo

where cl is the same as in Theorem A.
2. Sketch of proofs. We will introduce some notations. For x

Vx will denote the first hitting time of x, i.e.
vx--inf{n>-- 1;Sn=x};

if there are no integers satisfying Sn- x, then Vx oo. We will use for fn
P (Vo n) and rn ,k=n+ fk.
The following lemma was established in Jain and Pruitt [4].
Lemma. For a strongly aperiodic, two dimensional random

EX 0 and

c + of" n (log n) n (log n)
where c is the same as in the statement of Theorem A.

By using this Lemma, we can obtain

c +o( 1 )r.= logn logn

Proof of Theorem A. We have

where

walk with

Var Q, 2 r,_r,_r(r r) Y’. rfi+ur-i-i
i--1 i=l j--1 /2--1

+2 4K- 2 6 (log)

+ o
(log )

(.2)3cnZ + o
2 (log n) (log n) 6

and
n n-i

f+ur--r-u
i=1 j=l

rZ. r._(r- r) + + o
= = 2(log n) (log n)

the first term of the right hand side is asymptotically equal to

2 r N (r._- r._)(r- r) + o
* (log n) (log n)

n j-1

j=l i=1
n j-1

rZ. E E r._,(r,- r) +
j=l i=1

dx 1 17195361935""logK= l_x+x2
This estimate is highly non trivial. However, we will omit the proof in

this paper. We will give the complete proof in a forthcoming paper.
Since
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Hence it holds that

cKn2 + oVar Q
(log n) (log n)

where K 2(4K1- r2) 3.0857608"". Q.E.D.

Proof of Theorem B. By using the asymptotic behavior of rn, we can

obtain

( n )cn + oEQn
(log n) (log n)

By Chebyshev’s inequality,

P (I Q, EQ, > sEQ) <_
s2(EQ)2 (log n)

for any e > 0. Q.E.D.
Remark. In Jain and Pruitt [4], the strong law of large number is estab-

lished. To prove this limit theorem, the monotonicity of R with respect to n
is quite important. Since Qn does not have such property, we can show only
the weak law.

For the fluctuation of Rn, Le Gall showed the central limit theorem.
Theorem 4 (Le Gall [5]). For an aperiodic, two dimensional random walk

with EX1 0 and E IX, < oo,

lim (log n)(R.- ER.) _4zcZ(det )7"() in law,
n--,oo ///

where

ffc 6oWs- Wt)dsdt-E[ffc  oWs- Wt)dsdt],
{(s, t) R; 0 K s < t K 1}, and {Wt} t0 is a two dimensial Brow-

nian motion.
However, this type of theorem of Qn remains open.
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