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For any number field K of finite degree, we denote by A(K) the class
number of K. For a prime p, {, denotes a primitive p-th root of unity. In
this note, we show the following:

Theorem. Let g be an odd prime such that p = 6q + 1 is also a prime.
We assume the following condition.

(c) ¢ + 1 is not a power of 2, 2q + 1 is not a power of 3, and 4q + 1 is not a
power of 5. Then

@) <pand hk@)) > 1= h* (@) = hk@®)),
where h* (p) denotes h(Q (Lp + L™)) and k(p) is the unique cubic subfield of
Q (Lp) over Q of a prime conductor p.

We need the following:

Proposition. Let p and q be distinct primes. Let F be a finite algebraic
number field. Suppose E/F is a Galois q-extension and f is the order of p mod q.
Then, for any @ with 0 = a < f,

P h(E) = p* | h(F)
(see [3]).

Proof. First of all, we need the following:

Lemma. Let p and q be distinct primes. Let G be a finite group of order
p%q°. Let f be the order of p modq. Let H be a q-Sylow subgroup of G and
a < f. Then H is a normal subgroup of G (see [3)).

Let P(E) be the maximal abelian unramified p-extention of F contained
E and G = G(P(E)/F). By the above lemma, the ¢g-Sylow subgroup H of G
is a normal subgroup of G. Let M be the subfield of P(E) which corres-
ponds to H. Then M/F is a Galois extention and G(M/F) = G (P(E)/E).
Therefore M/F is an abelian unramified extention of degree p®. Therefore we
have p*| h(F). If p*'| h(F), then p**'| h(E). We conclude the above
Proposition.

Corollary. Let p, q, E, F and f be as in Proposition. Then

pXRF), plh(E)=p'| h(E),
and
Pl h(F) = p* | h(E) orp” | R(E).

Proof of the theorem. Since h*(6-5 + 1) = h*(31) = 1, we may assume
qg>5 Put K=Q( + ™" and k = k(p). By the assumption on p and
g, K/k is a g-extention. If q A h(k), then g4 h(K) (see [1]). Since

hik) < %p (see [2]) and A(K) < p, it is easy to show that if ¢q| A (k), then
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qllh(k) and q|| A(K). Now let # be an odd prime. If = 1(mod q), 7| h(k)
and 7| k(K), then » = 1 + 2ng, where # =1 or 2. Since 7> > p, we have
that || h(k), | R(K). If » = 1(mod q) and » ¥ h(k), r| h(K), then h(K)
= 7 h(k) = 4r > p, where h(k) > 1 = h(k) = 4(see[5]). Hence we have
that » ¥ h(k) = r ¥ h(K). Now f > 1 is the order of » mod q. We will show
that »* > p.

Incaser 27,7/ —1=(r—1)(#""'+---+ 1) can not be 2nq, where
n=1or 2.

Let =15 and 5 =1 + 2¢q. Since 5 —1=2¢q, 4G+ - - +1)
= 2q. This is a contradiction.

Let » = 3 and 3/ = 4q + 1. Then fis even. Now let f = 2m for some in-
teger m. Hence (3" — 1) (3™ + 1) = 44q. This is a contradiction.

Nextlet #=2. Then 2/ =1+ 3qor 2/ =1 + 5¢. If 2/ = 1 + 3¢, then
we have that f= 2m for some integer m. Since (2" — 1) (2™ + 1) = 3¢, we
should have m = 2, ¢ = 5. Therefore we have that 2/ % 1 4 3¢. If 2/ =1
+ 5q, then f = 4m for some integer m. Since 2/ — 1= (4" — 1) (4™ + 1)
= 5¢ and 3| 4™ — 1, we have that 2/ =% 1 + 5¢.

Hence we have #/ > p. By Corollary, we have that X h(k) = » ¥ h(K)
and if 7™ | h(k), for some integer m, then #™ | h(k). This completes the
proof.

Examples. Suppose p = 607 or 1879. Suppose A*(p) < p. Then h*(p)
= h(k(@®)) = 4 (see [5]).

Remark 1. Let g and p = 6 ¢ + 1 be primes. Then we have only 5 ex-
ample {3, 7, 13, 127, 1093,} for ¢ < 108 which do not satisfy the condition
(c) in the theorem.

Remark 2. Let p be a prime. We have no example for A*(p) > 1 such
that h*(p) is completely determined.
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