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1. Introduction. We consider a scattering problem for the semilinear
wave equation
1) uy — Au = F (u), (x,t) € R"X R,
where F(#) = A|lulPor A|ulPu, A€ R,p>1and n=2.

We compare the asymptotic bahavior as t— % o of solution of (1) with
those of suitable solutions of the Cauchy problem for the free wave equation
(2) uy — Au = 0, (r,t) € R" X R,
in the sense of energy norm.

Among many theorems on the construction of the scattering operator for
(1), we mention a remarkable result of Pecher [17] which has improved the
previous results by Strauss [20], Klainerman [10], Mochizuki and Motai [15,
16].

Pecher has shown that in three space dimensions(#z = 3), the scattering
operator for (1) exists for regular and small data if p > 1 + y2. This lower
bound of p is optimal, since John [8] showed that there exist global
C2-solutions to the Cauchy problem for the equation #; — Au = |u |? with
smooth and small data of compact support if p > 1 + y2, and it was also
shown by [8, 9] and Schaeffer [19] that the solution blows up in finite time
for small data of compact support if 1 < p <1 + /2.

In two space dimensions, Strauss [20] proved that the scattering oper-
ator exists if p > 2 + /5, provided the smooth data are small. This result
was improved to p > 2 + v3 by Klainerman [10], Mochizuki and Motai [15,
16]. However, these results are not sharp, since Glassey [7] proved that the
Cauchy problem for w#; — Au = |u|? has global CZ?-solutions if p >

_3_.+2_ V17, provided the smooth data of compact support are small, and

moreover it was shown by Glassey [6] and Schaeffer [19] that if 1 <p

3 + 17 . . .
< 5 global solutions do not exist, provided the data of compact
support satisfy a certain condition.

Our aim of this paper is to prove that if p > HT”

, the scattering
operator exists for smooth and small data in two space dimensions.

We note that in the global existence theorems by John and Glassey, the
data are compactly supported. Since we solve the Cauchy problem for (1)
with the data given at ¢ = — oo, the assumption of compactly-supported
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data is not natural. In this connection, we briefly state the previous results
concerning the Cauchy problem

Up — Au=|u|?u, (x, t) € R" X (0, ),

u(z, 0) = f(z), ui(z,0) = g(x), xE€R", =223,

with small data of non compact support.

Asakura [2], Kubota [13] and the author [21-23] have shown that global
solutions exist for small data f (x) € C3(R"), g(x) € C%(R") satisfying

Dif (x), DEg(x) = O(lx|™"™ as|z|[— oo, |a| <3,|8] <2
if kzpfl,p>1+¢§ for =3 and p > > or p =2 The
result due to Pecher [17] also corresponds to the removal of compact support
assumption for initial data in three space dimensions.

In contrast to this existence theorem, Asakura [2], Agemi and Takamura
[1], the author [21] have proved that if the data satisfy

f&x)=0,g) = e>0

&
A+ zhr*’
and 0 < k <

D ?_ 1 then the solution blows up in finite time even with
S 1++v2 (n=23)
» 3 + /17
"_—7_‘— (n = 2).

The construction of the scattering operator for small data is almost
equivalent to the construction of global solution for the Cauchy problem of
(1) with small initial data given at { = 0 in the case of three space dimen-
sions, but the construction of the scattering operator for small data does not
follow directly from the proofs in [7], [13], [21] and [23] concerning the glob-
al existence of solutions for the Cauchy problem of the above equation with
small initial data given at # = 0 in two space dimensions. Because we have to
consider the integral equation with unbounded integral region associated to
the above equation:

_ 1 [ Fu(y,s)
’ = ’ + ——f f . ’
@) u@, =us@ H+35-| | . o= —lz—3F dyds
fort€ R,
where ug(x, t) is a solution of #;; — Au = 0 which u(x, t) approaches
asymptotically as {— — o0, The proof of the basic estimate for the above in-
tegral equation is more difficult and complicated than that for the Cauchy
problem of %, — Au = | u |~ in two space dimensions. The basic estimate
can be proved following Kovalyov [11, 12] and Asakura [2].

2. Assumptions and theorem. We study the scattering problem for the
semilinear wave equation (1) with # = 2. We make the following hypothesis.
(H1) F (#) € C?(R) and there exist p > 3+ V17 +2 17 , A > 0 such that

|FPw) | < Alult~ for|lu|l<1,j=0,1, 2,
|F"(u) = F") | < 2| ¢ P2 |lu—v| for|ul,|v] <1, ¢=max{ul,|v]}.
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Let u5 (x, t) be the C3-solution of the Cauchy problem
(4) e — Au =0 (x,t) € R* X R,
(5) u(x, 0) = f(x), ui(x, 0) = g(x) x € R

The hypothesis concerning the data is the following:
H2) f (x) € C3(R?, g(x) € C*(R?) satisfy

Dg + D? G —
Z[pir @l 2 IDie @) | < T

with £ > 0, where ¢ is a small parameter.
Remark 1. (H2) implies f (x) € H?(R? and g(x) € H(R?).
We consider to solve the integral equation (3) in the space Xj,

k> where

2
p— Vv
X = {ux, t): Deu(x,t) € C(R* X R) for |a| < 2, | ulx, < oo},
lole = 2 | Dguls,

lal <2
”u"k
L — m
sup, _,, A+t +]zDza + ¢ = |zl luz, Dl (k>_%_>'
(2 + 11t — |zl
1 1+ | ¢+ -1
sup,..,, 4+ |t]+ 123 (1 -+ m 52 ue, n)
= teR
-1
(k=73)
k 1
sup,_,, (L + ¢l +zD*uz, O] (o<k<_2_,
teER
and
m=min (3, 252 k= 3).
We put

1
I e (t) e = (D2 (t) |2orey + | Orme (2) ez} 2.
Theorem 2. Assume the hypotheses (H1) and (H2).

W) If k> 5—%—1— and € is sufficiently small, depending on A, p and k, then there

exists a unique C%-solution u(x,t) of the integral equation (3) such that

C
— Yo < — - —_ —
ot — us ) |l RESEIY 0 ),
where C is a constant depending on A, p, k and
1
m (k>3)

k <O<k£%).

(ii) Moreover, there exists a unique CZ*-solution ui (x, t) of (4) such that for the
solution u(x, t) of (3) given by part (i),
C
lo(t) — us (@) [l <

-—-————(1 iy t|)'_~)0 (t— + ).
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Thus, we can define the scattering operator
S : (u5(0), 0:us (0)) — (43 (0), 0:us (0))
for the equation (1).

Remark 3. The solution #(x, t) of (3) given by Theorem 2 is a solu-
tion of (1) (see [2], [7], [8], [17]).

Remark 4. Recently, K. Kubota and K. Mochizuki [14] have obtained in-
dependently a similar result using different methods from ours. However our
decay estimates of solutions of (1) are slightly sharper than [14].
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