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1. Introduction. Let Fq denote the finite field of order q where q is a
prime power. If f(x) is a polynomial of positive degree d over Fq, let

V-- {f(x):x F} denote the image or value set of f(x) and vl denote
the cardinality of V. Since f(x) cannot assume a given value more than d
times, it is clear that

d +l<-[Vl<-q’
where Ix] denotes the greatest integer <_ x. Uchiyama [3] has proved that if

F is of sufficiently large characteristic and

f (x) f
Xmy

is absolutely irreducible, then [V]> for all d _> 4. Carlitz [11 has also

proved that Ve] > "on the average." More precisely, Carlitz proved that

2: Iv l >q2’alFq

where the summation is over the coefficients of the first degree term in f(x).
In this note we determine a lower bound for IVlwhen (d, q)- 1,

d4 q and the multiplicative order of q modulo pt is p---i for all
prime power p d, We prove that

q
1 + ] 0 (D)/lcm ( 0 (p’),..., 0 (p())

where D plpz...pr and 0 (D) denotes the Euler Phi Function.
2. Theorem and proof. We will need the following two lemmas.
Lemma 1. Let f (x be a monic polynomial over Fq of degree d < q. Let #

f*(x, y) denote the number of solutions (x, y) in Fq x Fq of the equation
f*(x, y) f (x) f (y) O. Assume

# f*(x, y) <_ cq
for some constant c, 1 < c < d. Then

Proof Let Ri denote the number of images of f(x) that occur exactly
i times as x ranges over Fq, not counting multiplicities. Then

d d d

i R q, v l- 2: and #f*(x, y) z R.
i=l i=l i=l
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Hence, we can apply Cauchy-Schwarz inequality to obtain

q iR

<-(k i R) (_R)
i--1

<_ # f*(x, y) v l.
2 2

Therefore, IVII -> q _> q _> q.
# f * (x, ) cq c

Lemma 2. Let d > 1 denote an integer with prime factorization given by
d pl p2...par.

For (t, s) 1, let ordt(s) denote the multiplicative order of s modulo t.
Assume ordpia,(q) 0 (p’) p’--p,-1 for i- 1,2, r. Let D denote a

divisor of d and write

D pl p....pr,
where 0 <-- bi g a for i- 1,2,..., r. Then

OrdD (q) lcm 0 (p’), 0 (p’) ,0 (P0).
Proof. Assume ordp?,(q) e O(p’) with 1 g b a. So q 1

(pi-1)emodp and then 1 + qe + qee + + q =-- 0 rood p. Therefore,

q’-- 1 (q-- 1)(1 + q + + q(’-))
./.jb+0 and..i

where pi e < p 0 (p’) p,(p’-- p’-) 0 (p,+l). Thus, an induction argu-
ment gives

q lmodp’’
for some positive integer c such that c < 0(p"), a contradiction to the fact
that ord,a(q) 0 (P). Therefore, ord?(q) 0 (p’) for 1 _< b -< ai and i

1,2,..., r. So,
ordD (q) lcm 0 (p’), 0 (p"), 0 (brr))

We are ready for the theorem"
Theorem 3. Let f (x) be a Tonic polynomial over Fq of degree d. Assume

(d, q) 1 and d4 q. Let the prime factorization of d be given by
d p’ p""" pa,.

’- for i 1 2 r. ThenAssume ord,,(q) 0 (PT’) P’ ,-

>- q

1 + 0 (D)/lcm (O(p’),..., O(p’))
Did

where D p’ p"" "p’.
Proof Let the factorization of f*(x, y) f(x) f(y) into irreduci-

bles over F be given by

f*(z, L(x, y).
i=l

Let
n

f(x, y) II h(x, y)
1=0
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be the homogeneous decomposition of f/(x, y) so that hij(x, y) is

homogenous of degree j. So, it is clear that
a a fi hin":T, y

i=1

d dWe also have, since (d, q) 1, that x y s product of O(d) polyno-
mials,

d dx -y H (x, y)
Dd

where D(X, y) factors into O(D)/ordD(q) distinct irreducibles polynomials
in Fq[x, y] of the same degree OrdD(q). Therefore

(D)s ff OrdD(q)
Now, if (x, y) is absolutely irreducible over the field Fq, then

#(x, y) (d 1)(d--2)+d +q [2, pp.330-331]
where d deg((x, y)).

For fi(x, y) not absolutely irreducible, the situation is simpler and we
estimate

 L(x, g
Therefore, if d < we obtain"

# f*(x, y) #L(x, y)
i=1

N (d-- 1)(d,-2)+d +sq

N (1 + s)q.
Hence, combining with Lemmas 1 and 2 we obtain"

q
 l+s

q
1 + 2 0 (D)/lcm (0 ),..., 0 0)’

CrMhry 4. With notation and assumptions as in Theorem g, if
f-- a= 1, then
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