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Abstract: A more general criterion for multivalent functions is

obtained. The result of this paper is the extension of the former re-

sults of Ozaki [1], Nunokawa [2], Nunokawa and Hoshino [3].

1. Introduction. It is well-known that if a function f(z) z + .=
anz is analytic and satisfies the condition Re f’(z) > 0 in the unit disk
E {z" zl < 1}, then f(z) is univalent in E. Ozaki [1, Theorem 21 ex-
tended this result to the following:

If f(z) is analytic in a convex domain D and Re(ef()(z)) > 0 in D,
where cr is a real constant, then f(z) is at most p-valent in D.

This shows that if f(z)--z+ =+ an2n is analytic in E and
Re(f () (z)) > 0 in E, then f(z) is p-valent in E.

The above result was improved as follows:
Theorem A ([2]) Let p > 2. If f (z)

E and

log
(4/e)

(1,1) Re f()(z) > 21og(e/2) p! in E,

then f (z) is p-valent in E.
Theorem B ([3]) Let p > 3. If f (z) z + ,,oo__+az is analytic in

E and

(1 2) Ref()(z) > 1 41og (4 / e) log (e /. 2.) p! in E4log (4 / e) log (e /2)
then f (z) is p-valent in E.

In the present paper, we shall give a more general theorem which ex-
tends the above results.

2. Main Result. In order to derive our main result, we need the fol-
lowing lernmata.

Lemma 1 ([3])
a>O, fl< 1 and
zE,

(__ 1)
(2,1) Re (p(z)) > 1 + 2(1 fl) 1

The estimate is best possible for
(_)

(2,2) Po(Z) 1 + 2(1 -fl) 1 + an z.

Let p(z) be analytic in E with p(O) 1. Suppose that
that for z E, Re(p(z) 4- eezp’(z)) >ft. Then for
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Lemma 2 ([4, Theorem 8]). Let f (z) z + __+ az be analytic
in E. If there exfists a (p- k + 1)-valent starlike function g(z) z-*+1

+ ___+. bnzn that satisfies

(2,3) Re zf<> (z) > 0 Z Eg(z)
then f (z) is p-valent in E.

Theorem. Let p > m, (m {2,3,4,...}). If f (z) z
p -- ,np+l anz"

is anlytic in E and

1) p! in E,(2,4) Re f(’)(z) > (2_ mii A(1 /k)
k=l

where A(1/k) (-- 1)k log(1/2) ( 1 Thenf(z) is p-vaoent in
Eo

Proof Let

and define fl(k 1,2,...) by

(-- 1) m-1
m-I

2- II A(1/k)
k"l

fl 1 + 2(1 fl_) A (l/k).
One can show that

m--1

(2,5) (-- 1)-(1 fl-) 2’-(1 flo) H A(1/k)
k=l

(2,6) IA(1/k) < 1 + k < 1, A 1 +k 1 + 1 +__kk A (i/k)

So, fl_- 0 and for all k 1,2,3,..., A(1/k) < O, ,/3:+ < 1.
Defining the function p(z) by

p(z)
k[ f(-)(z) (k= 1 2, m-- 1 z E)

kpz
Then p(0) 1 and

f(-+) (z)(k 1)
ipz
Re p_(z), (z E).

Applying Lemma 1, we can see that if Rep_(z) fl_ in E, then
Reaps(z) > fl in E, where fl is defined above. Hence,

(2,8) Re f()(z) ReP0(z) > flo Rep_(z) > fl_ 0,(z E)p
This shows that, under the hypothesis of the theorem, we have

Re z f(-+)(z) > O, (z E),
zm

mIt is trivial that g(z) z is m-valently starlike in E. Therefore, from
Lemma 2, we see that f(z) is p-valent in E. The proof of the Theorem is
complete.
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Remark. If m 2, then flo 0.62944
If m = 3, then flo = 1.10907
If rn 4, then flo 1.5074
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