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Introduction. In the classification theory we know that some classes of
Riemann surfaces are characterized in terms of the subspaces of real square
integrable harmonic differentials. For example, I,,(R) N *I,,(R) =
{0} (resp. I,,(R) N *I,,(R) = {0}) if and only if R € O,y(resp. R €
Okp). (See §1 for notations.) In the papers [3,6] M. Watanabe (neé Mori) in-
troduced the following condition, which we call here (W)-property,

r,,(® n*r,, (R c*r, (R
or equivalently
r,,(R) N *r,(R) =TI,,(R) N *I,,(R
for a Riemann surface R. She obtained other equivalent conditions and in-
teresting conseqgences.

In the paper [1] we have given a new characterization of (W)-property
in terms of specific period reproducing differentials.

In the present paper we shall consider the class of Riemann surfaces
with (W)-property, which we denote by Py, in the context of the classifica-
tion theory.

1. Preliminaries. For the sake of convenience we recall some defini-
tions. Let I',(R) be the Hilbert space of real square integrable harmonic dif-
ferentials on a Riemann surface R, where the inner product is given by

(w,, ) = (W, W) = fj; w; A Fw,,

*w, being the conjugate differential of w,. Let I, (R) (resp. I's,(R)) be the
subspace of I',(R) whose elements w are exact (resp. semiexact) on R, that
is

fw = 0 for every (resp. every dividing) 1-cycle 7 on R.
T .

Given a closed subspace I, of I',, the orthogonal complement of I', in I, is
denoted by I'}". For the spaces I',, = (*I',)* and I,,, = (*I,,)", the follow-
ing inclusion relations hold

Iy O Dye D Dye D Dy s Dyse @ Lo 2 Dy
The I',,, is known as the space of harmonic measure differentials. For a
given 1-cycle ¢ on R and a closed subspace I, of I, there exists uniquely

the period reproducing differential o,(c) in I', such that
fa) = (w, 0,(c))y for every w € I,
c

We are interested in 0,,,(c) and 0,,(¢).
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Let HD(R) be the class of real-valued harmonic functions on R with fi-
nite Dirichlet integral and ReAD(R) (resp. KD(R)) be the subclass of
HD(R) whose elements # have the following property ;

f*du = 0 for every (resp. every dividing) 1-cycle 7y on R
'

where *du is the conjugate differential of du. We know that
{du;u € HD(R)} = I,,(R)
{du;u € KD(R)} = I,,(R) N *I,.,(R)
{du;u € ReAD(R)} = T,,(R) N *I,,(R).
We say a Riemann surface R belongs to the class O,,(resp. Ogp) if and only
if ReAD(R) (resp. KD(R)) implies only constant functions.

2. The class Py. 2.1 Results. Our result in [1] is the following theorem.

Theorem A. Let R be an arbitrary Riemann surface, and 0,.,(c) and
0,,(€) as above for an 1-cycle ¢ on R.

Then the following properties are equivalent

(I) R has (W) -property.

D) 6,0 g = 1 04 |z (equivalently 0,,,(c) = 6,,(c)) for every
1-cycle ¢ on R, where | w || is the Dirichlet norm of w € I',(R).

Furthermore, if R is of finite positive genus, the mext properties are also
equivalent ;

(III) R belongs to the class O,

(V) | 6450 e = I 0,,(0) | Cequivalently o,,,(c) = 0,,(c)) for some non-
dividing 1-cycle ¢ on R.

By Theorem A we know that O, = Ogp = Py holds for Riemann sur-
faces of finite genus. In case of infinite genus we show the next proposition ;

Proposition 1. For Riemann surfaces of infinite genus,

Okp = Ogp N Py
holds and there is no inclusion relation between O, and Py,

If R is of finite positive genus, the condition (IV) in Theorem A is
equivalent to (W)-property. But in infinite case the condition (IV) is not
sufficient, that is;

Proposition 2. There exists a Riemann surface R of infinite genus on
which there are non-dividing 1-cycles ¢, and ¢, having next properties

I Opse(€1) ”R = | o4, (cy) ”Rr [ 050 (C5) le # 1| 045 (cp) le-

For Riemann surfaces of finite genus Py, = Oy, is quasiconformally in-
variant.

We show that this property is not valid in case of infinite genus.

Proposition 3. The class Py, is not quasiconformally invariant.

2.2. Proofs. Proof of Proposition 1. If a Riemann surface R belongs to
O,p and Py, then I,, N *I,, = {0} and I}, N *I,,, < *I',, holds for R.
Therefore I',, N *I,,, = {0} and R belongs to Ogy.

Conversely if R belongs to Ogp, then

I, N ", <, N, =1{0) <™,
Hence R € O, N Py,
We know that the class Og, is a proper subset of the class O, (cf.



324 N. JiNn [Vol. 69(A),

Sario Nakai [5] Theorem II 15D, I 10B Myrberg’'s example).

We construct a Riemann surface which belongs to Py \ O,p.

We recall Sakai’s example,”Example 1.5” in [4]. For the sake of conve-
nience we reconstruct Sakai’s example and we shall show that this Riemann
surface belongs to Py \ O,p.

Example 1 (Example 1.5 [4]). Let U be the unit disc. Set

lnm={z=rei0;1——173ré<l——1;>+ 3+2,6= Znﬂ: m}

' 2 2 2 [8z (2" — 1)]
n=12,....;m=1.2,...,[8z2"— DD
where [ | denotes Gauss’ symbol. Let U;(6 = 1, 2) be two copies of U\ U,
l,m and join U; with U, crosswisely along every slit [, ,. This gives a two
sheeted ramified covering surface R, of U with a natural projection map m,
of R, onto U. It is easily seen that R, does not belong to the class O,p. It has
been shown in [4] that if 7, (p) = 7,(g), then u(p) = u(q) for every u €
HD(R,). In other words we can identify HD(R,) with HD(U) by the projec-
tion map 7, that is for every # € HD(R)) there exists # € HD(U) such
that u(p) = @ ° 7, ().

Let ¢ be an arbitrary 1-cycle on R,.

Since 7,(c), the projection of ¢, is also an 1-cycle on U, we obtain

_/;*du = fw *dig = 0

for every u € HD(R,). This implies that I}, (R, = I},,(R) N *I,,(R)
holds on R,. Therefore R, has (W)-property, and we have shown that R, €
Py \ Oyp.

To prove Proposition 2 the following lemma is needed.

Lemma 1 [1, Lemma 2]. Let R be a Riemann surface and ¢ be a

non-dividing 1-cycle. Then || 6,5,(0) |z = || 0,,(0) g if and only if f *du =0
c

holds for every u € KD(R).

Proof of Proposition 2. We construct an example of a Riemann surface
R, on which there exist non-dividing 1-cycles ¢; and ¢, with the property

I Gse ) ”R2 = [ o}, (c) ”Rz? I Gse () "Rz # | 04 (c2) ”R2~

Example 2. We use the same notations as in Example 1. Let /, (resp.
I_) be a closed interval [%, %] (resp. [Tl, Tl]) on U. Let U be a
Riemann surface constructed by identifying the upper edge of the slit /, with
the lower edge of the slit I_ and vice versa on U\ (I, U [.). Let U/ =1,
2) be two copies of U’ and join U, with U, crosswisely along every slit [, ,,.
This gives a two sheeted ramified covering surface R, of U’ with a natural
projection map 7, of R, onto U’. Then using the same arguments in the
proof of Example 1.5 in [4], we can show that if 7,(p) = m,(¢g), then
u(p) = u(q) for every u € HD(R,). Hence we can identify HD(R,) with
HD(U’), that is for every u € HD(R,) there exists # € HD(U’) such that
u(p) = 4@ ° w,(p). Since R, has just one ideal boundary component, it holds
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that HD(R,) = KD(R,). By the same reason HD(U”) = KD(U").
Now we define non-dividing 1-cycles ¢;, ¢, as follows

11 ,
= [lzl =—1€} on U]
1 1 1 1
C, = {lz+—g'=—8~,8z20} U [’z—§'=§, i}zSO] on UJ.
First we show that | g,.,(c) g, = [ 0,,(c) g, By Lemma 1 it suffices

to show that f *du = 0 holds for every u € KD(R,). Since m,(c,) is a
31
dividing 1-cycle on U’, for every u € KD(R,) = HD(R),)

fﬁ *du = f - *di = 0

holds. Hence we obtain that [| 0., (c) [z, = [ 0,,(c)) lg,.
To prove [ 6,5,(cy) g, # | 04(c;) [, we show that there exists u, €

KD(R,) such that f*duoqﬁo. We know that the harmonic function
C2

i ,(2) =y, where z=x+iy€ U\ (U, Ul), can be extended to the
harmonic function on U’ again denoted by #, Set u, = #,° m, It is easily
seen that #, € KD(R,) and

* * 1
[ taa, = [ tam,= .
73 my(cy) 4

Remark. Marden [2] considered the condition | a,(c) |l = I 6,,(0) I
and he proposed an open problem to construct a Riemann surface on which
there exist non-dividing 1-cycles ¢; and ¢, with the condition;

lo,(c) I = 0,,(cy) llz and [ 0, (cy) lz # [ 045(c)) llg-
Since the Riemann surface R, of Example 2 has only one ideal boundary
component, I,(R) = I,,,(R). Hence this Riemann surface R, of Example 2 is
an answer to Marden’s problem.

Proof of Proposition 3. We construct quasiconformally equivalent two
Riemann surfaces, one belongs to the class Py and the other does not belong
to Py.

Example 3. Let U,, [, and /,,, the same as in Examples 1 and 2. Set

Yok
Uy = UNLAU L, U = Uy
U, =U U =U\IL\U1I,.

We obtain a Riemann surface R; by joining Ur with U; crosswisely along
every slit /,,, and [,. T}}is Riemall*n surface R; belongs to the class Py, (cf.
Exaniale 1). We joint U, and U, identifying*ahe upper edge of the slit .
of U, with the lower edge of the slit /I_ of U, and vice versa, and every
common I,,, similarly. This gives a Riemann surface R,  We can easily find
out a quasiconformal mapping of R; onto R,.

Now it suffices to show that there exist a non-dividing 1-cycle ¢, and a

harmonic function v, € KD(R,) such, that f *dv, # 0.
C4
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11 -1
Let L, and L, be closed intervals [—3—, E] and [—6—, —2—] on U:*. Then

—

¢, =L, UL,is anon-dividing 1-cycle on R,.
. Sk s . .
Set v,(2) =yforz=x+ iy € U, U U, . This function v, can be ex-
tended to be harmonic on R,, again denoted by v,. It is easily seen that v, be-
longs to the class KD(R,). And we have

[ran==[Fa

This completes the proof.

1
dx—-é—aﬁO.

o= o=
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